
1. ÒÅÎÐÈß ÃÐÀÔÎÂ

Òåðìèíîëîãèÿ ñ ïðèìåðàìè(êðàòêî)

Îïðåäåëåíèå. Îáûêíîâåííûì ãðàôîì èëè ïðîñòî ãðàôîì G íàçûâàåò-
ñÿ ïàðà (V;E), ãäå V � íåïóñòîå êîíå÷íîå ìíîæåñòâî, ýëåìåíòû êîòîðîãî
íàçûâàþò âåðøèíàìè, à E � êîíå÷íîå ñåìåéñòâî íåóïîðÿäî÷åííûõ ïàð
âåðøèí, íàçûâàåìûõ ðåáðàìè.

Ãðàô G = (V;E) ïðåäñòàâëÿþò â âèäå äèàãðàììû, êîòîðóþ ÷àñòî
òàêæå íàçûâàþò ãðàôîì. Âåðøèíû ãðàôà èçîáðàæàþòñÿ â âèäå òî÷åê,
à ðåáðà â âèäå îòðåçêîâ èëè äóã, èõ ñîåäèíÿþùèõ. Íàïðèìåð, íà ðèñ. 21
èçîáðàæåí ãðàô G = (V;E), ãäå

V = f1; 2; : : : ; 12g;
E = ff1; 2g; f1; 3g; f1; 4g; f2; 4g; f2; 6g; : : : ; f11; 12gg:

Åñëè ðåáðî e = fu; vg äëÿ íåêîòîðûõ âåðøèí u; v ãðàôà G, òî ãî-
âîðÿò, ÷òî ðåáðî e èíöèäåíòíî âåðøèíàì u; v è êàæäàÿ èç âåðøèí u; v

èíöèäåíòíà ðåáðó e.
Äëÿ ãðàôà G ÷åðåç V (G) ìû áóäåì îáîçíà÷àòü ìíîæåñòâî âñåõ åãî

âåðøèí, à ÷åðåç E(G) � ìíîæåñòâî âñåõ åãî ðåáåð.

Îïðåäåëåíèå. Ãðàô G0 = (V 0; E 0) íàçûâàåòñÿ ïîäãðàôîì ãðàôà G, åñ-
ëè V 0 � V; E 0 � E.

Îïðåäåëåíèå. Ìàðøðóò â ãðàôå G � ýòî ÷åðåäóþùàÿñÿ ïîñëåäîâà-
òåëüíîñòü âåðøèí è ðåáåð, íà÷èíàþùàÿñÿ è êîí÷àþùàÿñÿ âåðøèíîé,
â êîòîðîé êàæäîå ðåáðî èíöèäåíòíî äâóì âåðøèíàì: íåïîñðåäñòâåííî
ïðåäøåñòâóþùåé åìó è íåïîñðåäñòâåííî ñëåäóþùåé çà íèì.

Îïðåäåëåíèå. Îòêðûòûé ìàðøðóò íàçûâàþò ïðîñòîé öåïüþ,
åñëè ðàçëè÷íû âñå åãî âåðøèíû (à ñëåäîâàòåëüíî, è âñå ðåáðà).

Îïðåäåëåíèå. Öèêëîì íàçûâàåòñÿ çàìêíóòàÿ öåïü, à ïðîñòûì öèêëîì �
çàìêíóòûé ìàðøðóò, âñå âåðøèíû êîòîðîãî (÷èñëîì íå ìåíåå òðåõ) ðàç-
ëè÷íû.

Îïðåäåëåíèå. Ãðàô íàçûâàåòñÿ ñâÿçíûì, åñëè ëþáûå äâå åãî âåðøè-
íû ñîåäèíÿþòñÿ ïðîñòîé öåïüþ. Êîìïîíåíòà ñâÿçíîñòè ãðàôà � ýòî
ìàêñèìàëüíûé ïî âêëþ÷åíèþ åãî ñâÿçíûé ïîäãðàô.

Èíîãäà ïðîñòûå öåïè è öèêëû îïðåäåëÿþò â âèäå óïîðÿäî÷åííûõ ïî-
ñëåäîâàòåëüíîñòåé òîëüêî ðåáåð èëè òîëüêî âåðøèí.
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Îïðåäåëåíèå. Àöèêëè÷åñêèì íàçûâàåòñÿ ãðàô, â êîòîðîì îòñóòñòâó-
þò öèêëû. Ãðàô áåç öèêëîâ íàçûâàåòñÿ ëåñîì. Äåðåâî � ýòî ñâÿçíûé
àöèêëè÷åñêèé ãðàô.

Òåîðåìà 1. Åñëè G � äåðåâî, n = jV j, m = jEj, òî ëþáûå äâå âåð-
øèíû â G ñâÿçàíû åäèíñòâåííîé ïðîñòîé öåïüþ è m = n� 1.

Îïðåäåëåíèå. Ãðàô G íàçûâàåòñÿ âçâåøàííûì, åñëè ëþáîìó åãî ðå-
áðó fu; vg ïðèïèñàí åãî âåñ c(u; v) � ïðîèçâîëüíîå íåîòðèöàòåëüíîå ÷èñ-
ëî. Âåñ ïîäãðàôà G0 îïðåäåëÿåòñÿ êàê ñóììà âåñîâ âñåõ ðåáåð, âõîäÿùèõ
â ýòîò ïîäãðàô.

1.1. Îïèñàíèå ãðàôîâ (Îñíîâíûå ñïîñîáû ïðåä-
ñòàâëåíèÿ ãðàôîâ â ïàìÿòè ÝÂÌ)

1.2. Çàäà÷à î ìèíèìàëüíîì îñòîâå
ñâÿçíîãî ãðàôà

Ïóñòü G = (V;E) � ñâÿçíûé âçâåøåííûé ãðàô.

Îïðåäåëåíèå. Îñòîâîì ãðàôà G íàçûâàåòñÿ åãî ïîäãðàô � =
= (V;E 0), ãäå E 0 � E, ÿâëÿþùèéñÿ äåðåâîì.

Îïðåäåëåíèå. Ìèíèìàëüíûì îñòîâîì ãðàôà G íàçûâàåòñÿ åãî îñòîâ
íàèìåíüøåãî âåñà.

Àëãîðèòì ïîñòðîåíèÿ

ìèíèìàëüíîãî îñòîâà

Ïåðåä íà÷àëîì ðàáîòû àëãîðèòìà âñå ðåáðà èñõîäíîãî ãðàôà G =
(V;E) íå îêðàøåíû. Óïîðÿäî÷èòü ðåáðà e1; : : : ; em ãðàôà ïî âîçðàñòàíèþ
èõ âåñîâ.

Øàã 1. Îêðàñèòü ðåáðî e1 = fu1; v1g è îáðàçîâàòü ïîäãðàô �i = =
(fu1; v1g; fe1g). Ïðèñâîèòü i := 1.

Ïîêà i � m� 1 âûïîëíÿòü øàã i+1.
Øàã i+1. Ïóñòü ei+1 = fui+1; vi+1g. Âîçìîæíû ÷åòûðå âàðèàíòà.
1). Ïóñòü ui+1; vi+1 62 V (�i). Òîãäà îêðàñèòü ðåáðî ei è ñôîðìèðîâàòü

ïîäãðàô �i+1, äîáàâèâ ê êîìïîíåíòàì ñâÿçíîñòè ïîäãðàôà �i íîâóþ êîì-
ïîíåíòó ñâÿçíîñòè � ðàññìàòðèâàåìîå ðåáðî.

2). Ïóñòü îäíà èç âåðøèí, èíöèäåíòíûõ ðåáðó ei+1, ïðèíàäëåæèò ìíî-
æåñòâó, V (�i), à äðóãàÿ åìó íå ïðèíàäëåæèò. Áåç îãðàíè÷åíèÿ îáùíîñòè
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ui+1 2 V (�i), vi+1 62 V (�i). Òîãäà îêðàñèòü ðåáðî ei+1 è ñôîðìèðîâàòü
ïîäãðàô �i+1, äîáàâèâ åãî ê òîé êîìïîíåíòå ñâÿçíîñòè ïîäãðàôà �i, êî-
òîðàÿ ñîäåðæèò âåðøèíó ui+1.

3). Ïóñòü ui+1; vi+1 2 V (�i), ïðè÷åì ui+1 2 V (�k
i ), vi+1 2 V (�l

i) è k 6= l.
Çäåñü �k

i , �
l
i � íåêîòîðûå êîìïîíåíòû ñâÿçíîñòè ãðàôà �i. Òîãäà îêðà-

ñèòü ðåáðî ei+1 è ñôîðìèðîâàòü ïîäãðàô �i+1, îáúåäèíèâ ïðè ïîìîùè
ðåáðà ei+1 îáå êîìïîíåíòû ñâÿçíîñòè �k

i , �
l
i ïîäãðàôà �i â îäíó êîìïî-

íåíòó ñâÿçíîñòè ïîäãðàôà �i+1.
4). Ïóñòü ui+1; vi+1 2 V (�i), ïðè÷åì ui+1; vi+1 2 V (�j

i ). Çäåñü �
j
i � îäíà

èç êîìïîíåíò ñâÿçíîñòè ãðàôà �i. Òîãäà ðåáðî ei+1 íå îêðàøèâàòü è íå
âêëþ÷àòü â ïîäãðàô �i è ïîëîæèòü �i+1 := �i.

Ïîëó÷èâøèåñÿ â ðåçóëüòàòå ïðåîáðàçîâàíèé êîìïîíåíòû ñâÿçíîñòè
ïîäãðàôà �i+1 îáîçíà÷èòü ÷åðåç �1

i+1;�
2
i+1; : : : ;�

ki+1

i+1 .
Ïðèñâîèòü i := i+ 1.
Åñëè i = m, òî ÊÎÍÅÖ ÀËÃÎÐÈÒÌÀ.

Ïîäãðàô �m ÿâëÿåòñÿ èñêîìûì.

Çàäà÷à 1. Íàéòè ìèíèìàëüíûé îñòîâ ñâÿçíîãî ãðàôà, èçîáðàæåííî-
ãî íà ðèñ. 21, åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì:
c(1; 2) = 1:1, c(1; 3) = 0:8, c(1; 4) = 3, c(1; 6) = 7:3, c(2; 4) = 0:6, c(2; 6) = 9,
c(3; 4) = 5, c(3; 5) = 7:9, c(3; 6) = 6:6, c(4; 5) = 2:2, c(4; 7) = 10, c(5; 6) =
8:2, c(5; 7) = 7:4, c(6; 7) = 5:1, c(6; 8) = 4:1, c(6; 9) = 0:5, c(7; 8) = 5:4,
c(7; 9) = 6:2, c(7; 10) = 7:8, c(8; 9) = 6:8, c(8; 10) = 3:3, c(9; 10) = 6:7,
c(9; 11) = 10, c(9; 12) = 9:9, c(10; 12) = 4, c(11; 12) = 5:6.

Ðåøåíèå. Óïîðÿäî÷èì ðåáðà ãðàôà ïî âîçðàñòàíèþ èõ âåñîâ: e1 =
f6; 9g, e2 = f2; 4g, e3 = f1; 3g, e4 = f1; 2g, e5 = f4; 5g, e6 = f1; 4g, e7 =
f8; 10g, e8 = f10; 12g, e9 = f6; 8g, e10 = f3; 4g, e11 = f6; 7g, e12 = f7; 8g,
e13 = f11; 12g, e14 = f7; 9g, e15 = f3; 6g, e16 = f9; 10g, e17 = f8; 9g, e18 =
f1; 6g, e19 = f5; 7g, e20 = f7; 10g, e21 = f3; 5g, e22 = f5; 6g, e23 = f2; 6g,
e24 = f9; 12g, e25 = f4; 7g, e26 = f9; 11g.

Øàã 1. Ïîëàãàåì �1 = (f6; 9g; fe1g) è îêðàøèâàåì ðåáðî e1 (ðèñ. 22).
Øàã 2. Âåðøèíû 2,4, èíöèäåíòíûå ðåáðó e2, íå ïðèíàäëåæàò ìíîæå-
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ñòâó V (�1), ýòî ñëó÷àé (1), ïîýòîìó èìååì ãðàô

�2 = (f2; 4; 6; 9g; fe1; e2g);

ñîñòîÿùèé èç äâóõ êîìïîíåíò ñâÿçíîñòè �1
2 = (f6; 9g; fe1g), �2

2 = =
(f2; 4g; fe2g) (ðèñ. 23). Îêðàøèâàåì ðåáðî e2.

Øàã 3. Äëÿ ðåáðà e3 = f1; 3g âåðøèíû 1; 3 62 V (�1), è ìû ñíîâà
îêàçûâàåìñÿ â óñëîâèÿõ ñëó÷àÿ (1). Òàêèì îáðàçîì ïîëó÷àåì ãðàô

�3 = (f1; 2; 3; 4; 6; 9g; fe1; e2; e3g);

ñ òðåìÿ êîìïîíåíòàìè ñâÿçíîñòè �1
3 = �2

1, �
2
3 = �2

2, �
3
3 = (f1; 3g; fe3g)

(ðèñ. 25). Ðåáðî e3 îêðàøèâàåì.
Øàã 4. Âåðøèíû 1,2 ðåáðà e4 ïðèíàäëåæàò V (�3), ïðè÷åì

1 2 V (�3
3), 2 2 V (�2

3), ÷òî ÿâëÿåòñÿ ñëó÷àåì (3). Ïîýòîìó ïîëó÷àåì ãðàô

�4 = (f1; 2; 3; 4; 6; 9g; fe1; e2; e3; e4g);

îäíà êîìïîíåíòà ñâÿçíîñòè �4
1 êîòîðîãî ñîâïàäàåò ñ �3

1, à âòîðàÿ �4
2 ïî-

ëó÷åíà ñêëåèâàíèåì êîìïîíåíòû �3
2, �

3
3 ïðè ïîìîùè ðåáðà e4 (ðèñ. 25).

Ðåáðî e4 îêðàøèâàåì.
Øàã 5. Äëÿ ðåáðà e5 = f4; 5g èìååì 4 2 V (�4), 5 62 V (�4), è ìû

îêàçûâàåìñÿ â óñëîâèÿõ ïóíêòà (2). Ñëåäîâàòåëüíî, (ñì. ðèñ. 26)

�5 = (f1; 2; 3; 4; 5; 6; 9g; fe1; e2; e3; e4; e5g)

è �1
5 = �1

4,
�2
5 = (f1; 2; 3; 4; 5g; fe2; e3; e4; e5g):

Ñàìî ðåáðî e5 îêðàøèâàåì.
Øàã 6. Îáå âåðøèíû ðåáðà e6 = f1; 4g íå ïðèíàäëåæàò V (�5), è ìû â

ñîîòâåòñòâèè ñî ñëó÷àåì (4) ðåáðî e6 â ãðàô �6 íå âêëþ÷àåì è íå îêðà-
øèâàåì. Òàêèì îáðàçîì, �6 = �5, �

1
6 = �1

5, �
2
6 = �2

5.
Øàã 7. Äëÿ ðåáðà e7 = f8; 10g âåðøèíû 8; 10 62 V (�6). Çíà÷èò,

�7 = (f1; 2; 3; 4; 5; 6; 8; 9; 10g; fe1; e2; : : : ; e7g);

ãäå �1
7 = �1

6, �
2
7 = �2

6, �
3
7 = (f8; 10g; fe7g) (ðèñ. 27).

Øàã 8. Äëÿ ðåáðà e8 = f10; 12g èìååì 10 2 V (�7), 12 62 V (�7), ïîýòîìó

�8 = (f1; 2; : : : ; 6; 8; 9; 10; 12g; fe1; e2; : : : ; e8g);

ãäå �1
8 = �1

7, �
2
8 = �2

7, �
3
8 = (f8; 10; 12g; fe7; e8g) (ðèñ. 28). Ðåáðî e8 îêðà-

øèâàåì.
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Øàã 9. Âåðøèíû 6; 8 ðåáðà e9 ïðèíàäëåæàò ðàçíûì êîìïîíåíòàì
ñâÿçíîñòè ãðàôà �8, ïîýòîìó

�9 = (f1; 2; : : : ; 6; 8; 9; 10; 12g; fe1; e2; : : : ; e5; e7; e8; e9g);

ãäå �1
9 = (f6; 8; 9; 10; 12g; fe1; e7; e8; e9g), �

2
9 = �2

8 (ðèñ. 29). Ðåáðî e9 îêðà-
øèâàåì.

Øàã 10. Ðåáðî e10 = f3; 4g íå âêëþ÷àåì, ïîëàãàÿ ïðè ýòîì
�10 = �9, �

1
10 = �1

9, �
2
10 = �2

9.
Øàã 11. Äîáàâëÿÿ ðåáðî e11 = f6; 7g ê êîìïîíåíòå �2

10, ïîëó÷àåì (ñì.
ðèñ. 30)

�11 = (f1; 2; : : : ; 12g; fe1; e2; : : : ; e5; e7; e8; e9; e11g);

ïðè ýòîì �1
11 = �1

10,

�2

11 = (f6; 7; 8; 9; 10; 12g; fe1; e7; e8; e9; e10g):

Ðåáðî e11 îêðàøèâàåì.
Øàã 12. Ðåáðî e12 = f7; 8g íå âêëþ÷àåì è ïîëàãàåì �12 = �11, �

1
12 =

�1
11, �

2
12 = �2

11.
Øàã 13. Äîáàâëÿÿ ðåáðî e13 = f11; 12g ê êîìïîíåíòå �2

12 ãðàôà �12,
ïîëó÷àåì êîìïîíåíòó �2

13 ãðàôà �13. Äðóãóþ êîìïîíåíòó ïðè ýòîì íå
ìåíÿåì: �1

13 = �1
12 (ðèñ. 31). Ñàìî ðåáðî ïðè ýòîì îêðàøèâàåì.

Øàã 14. Ðåáðî e14 = f7; 9g íå âêëþ÷àåì, ïîëàãàÿ �14 = �13.
Øàã 15. Íàêîíåö, ñîåäèíÿÿ êîìïîíåíòû �1

14 è �2
14, ðåáðîì

e15 = f3; 6g, êîòîðîå îêðàøèâàåì, ïîëó÷àåì ãðàô

�15 = (f1; 2; : : : ; 12g; fe1; e2; : : : ; e5; e7; e8; e9; e11; e13; e15g)

(ñì. ðèñ. 32) � èñêîìûé ìèíèìàëüíûé îñòîâ èñõîäíîãî ãðàôà.

Îòâåò. Äåðåâî

(f1; 2; : : : ; 12g; ff6; 9g; f2; 4g; f1; 3g; f1; 2g; f4; 5g; f8; 10g; f10; 12g;
f6; 8g; f6; 7g; f11; 12g; f3; 6gg)

ÿâëÿåòñÿ ìèíèìàëüíûì îñòîâîì.

1.3. Çàäà÷à î êðàò÷àéøåì ïóòè â ñâÿçíîì ãðàôå

Ïóñòü G = (V;E) � ñâÿçíûé âçâåøàííûé ãðàô,

V = fv1; v2; : : : vkg; E = fe1; e2; : : : emg:
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Îïðåäåëåíèå. Ïóòü èç âåðøèíû u â âåðøèíó v ãðàôà G � ýòî ïðî-
ñòàÿ öåïü ýòîãî ãðàôà, ñîåäèíÿþùàÿ âåðøèíó u è âåðøèíó v.

Îïðåäåëåíèå. Êðàò÷àéøèé ïóòü èç âåðøèíû u â âåðøèíó v � ýòî
ïóòü èç u â v íàèìåíüøåãî âåñà.

Îïðåäåëåíèå. Äåðåâîì êðàò÷àéøèõ ïóòåé ãðàôà G èç âåðøèíû u

íàçûâàåòñÿ ìíîæåñòâî êðàò÷àéøèõ ïóòåé èç âåðøèíû u äî êàæäîé âåð-
øèíû ýòîãî ãðàôà.

Ïðèâåäåì àëãîðèòì íàõîæäåíèÿ êðàò÷àéøåãî ïóòè èç âåðøèíû v1 â
âåðøèíó vn äàííîãî ãðàôà G.

Àëãîðèòì ïîñòðîåíèÿ êðàò÷àéøåãî ïóòè

Øàã 1.Îêðàñèòü âåðøèíó v1 è ïðèñâîèòü âåðøèíàì ãðàôà âåñà �(v1) =
0, �(v2) = : : : = �(vn) = +1. Ïîëàãàåì v := v1.

Øàã 2. Äëÿ êàæäîé íåîêðàøåííîé âåðøèíû vi èçìåíèòü âåñ ïî ñëå-
äóþùåìó ïðàâèëó:

�(vi) = minf�(vi); �(v) + c(v; vi)g: (1)

Îêðàñèòü òó èç âåðøèí vj, äëÿ êîòîðîé ÷èñëî �(vj) îêàæåòñÿ íàèìåíü-
øèì. Îêðàñèòü òàêæå ðåáðî, âåäóùåå â âûáðàííóþ íà äàííîì øàãå âåð-
øèíó vj ïî êðàò÷àéøåìó ïóòè, ò.å. ïî ïóòè âåñà �(vj). Ïîëîæèòü v = vj.

Øàã 3. Åñëè v = vn, òî ÊÎÍÅÖ ÀËÃÎÐÈÒÌÀ. Åñëè v 6= vn, òî
ïåðåéòè ê øàãó 2.

Ïîäíèìàÿñü ïî äåðåâó êðàò÷àéøèõ ïóòåé îò âåðøèíû vn ê âåðøèíå
v1, ò.å. äâèãàÿñü ïî îêðàøåííûì ðåáðàì, ïîëó÷àåì ïðîñòóþ öåïü

[vn; u1; u2; : : : ; un�2; v1]:

Èñêîìûé êðàò÷àéøèé ïóòü � ýòî ïóòü

[v1; un�2; : : : ; u2; u1; vn]:

Åãî âåñ ðàâåí c(v1) + c(un�1) + : : :+ c(u2) + c(vn).

Çàäà÷à 2. Íàéòè êðàò÷àéøèé ïóòü îò âåðøèíû 1 ê âåðøèíå 12 â ãðà-
ôå èç çàäà÷è 1 è åãî âåñ.

Ðåøåíèå. Äåðåâî êðàò÷àéøèõ ïóòåé èç âåðøèíû 1, ò.å. âñå âåðøè-
íû è ðåáðà, îêðàøèâàåìûå â ïðîöåññå ðàáîòû àëãîðèòìà, èçîáðàçèì íà
ðèñ. 33 ñîîòâåòñòâåííî òåìíûìè êðóãàìè è òîëñòûìè ëèíèÿìè.
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Øàã 1. Îêðàøèâàåì âåðøèíó 1 è ïðèñâàèâàåì âåðøèíàì ãðàôà âåñà
�(1) = 0, �(2) = : : : = �(12) = +1. Ïîëàãàåì v := 1.

Øàã 2. Ïî ôîðìóëå (1) âû÷èñëÿåì

�(2) := minf�(2); �(v) + c(v; 2)g = minf+1; 0 + 1:1g = 1:1;
�(3) := minf�(3); �(v) + c(v; 3)g = 0:8;
�(4) := minf�(4); �(v) + c(v; 4)g = 3;
�(5) := minf�(5); �(v) + c(v; 5)g = +1;

�(6) := minf�(6); �(v) + c(v; 6)g = 7:3;
�(7) := +1; : : : ; �(12) := +1:

Âåñ âåðøèíû 3 ìèíèìàëåí, è ïîýòîìó ìû îêðàøèâàåì åå, à òàêæå ðåáðî
e1 = f1; 3g. Äåðåâî êðàò÷àéøèõ ïóòåé ñîñòîèò ïîêà èç åäèíñòâåííîãî
ðåáðà e1. Ïîëàãàåì v := 3.

Øàã 3. Ïîñêîëüêó v 6= 12, âûïîëíÿåì øàã 2.
Øàã 2. Ïîäñòàâëÿÿ â ôîðìóëó (1) íîâûå âåñà âåðøèí è v = 3, èìååì

�(2) := minf1:1; 0:8 +1g = 1:1;
�(4) := minf3; 0:8 + 5g = 3;
�(5) := minf+1; 0:8 + 7:9g = 8:7;
�(6) := minf7:3; 0:8 + 6:6g = 7:3;
�(7) := minf+1; 0:8 +1g = +1; : : : ; �(12) := +1:

Òåïåðü îêðàøèâàåì âåðøèíó 2 è ðåáðî e2 = f1; 2g. Ïîëàãàåì v := 2.
Äåðåâîì êðàò÷àéøèõ ïóòåé ÿâëÿåòñÿ ìíîæåñòâî fe1; e2g.

Øàã 3. Ïîñêîëüêó v 6= 12, âîçâðàùàåìñÿ ê øàãó 2.
Øàã 2. Êàê è âûøå, âû÷èñëÿåì:

�(4) := 1:7; �(5) := 8:7; �(6) := 7:3;
�(7) := +1; : : : ; �(12) := +1:

Îêðàøèâàåì âåðøèíó 4 ñ ìèíèìàëüíûì âåñîì è ðåáðî e3 = f2; 4g, ñî-
ñòàâëÿþùåå âìåñòå ñ ðåáðîì e1 ìèíèìàëüíûé ïóòü èç âåðøèíû 1, ò.å.
ïóòü âåñà �(4)=1.7. Ïðèñâàèâàåì v := 4. Ìíîæåñòâî fe1; e2; e3g � äåðåâî
êðàò÷àéøèõ ïóòåé.

Øàã 3. v 6= 12, ïîýòîìó ïåðåõîäèì ê øàãó 2.
Øàã 2. Ñíîâà ïåðåñ÷èòûâàåì âåñà

�(5) := 2:8; �(6) := 7:3; �(7) := 11:7;
�(8) := +1; : : : ; �(12) := +1:

Îêðàøèâàåì âåðøèíó 5 ñ ìèíèìàëüíûì âåñîì è ðåáðî e4 = f4; 5g, èäó-
ùåå â íåå èç îêðàøåííîé ðàíåå âåðøèíû è ñîñòàâëÿþùåå âûáðàííûé
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ìèíèìàëüíûé ïóòü èç âåðøèíû 1, ò.å. ïóòü âåñà �(5). Ïîëàãàåì v := 5.
Ìíîæåñòâî fe1; e2; e3; e4g � äåðåâî êðàò÷àéøèõ ïóòåé.

Øàã 3. Ââèäó v 6= 12, ïåðåõîäèì ê øàãó 2.
Øàã 2.

�(6) := 7:3; �(7) := 10:2; �(8) := +1;

�(9) := +1; : : : ; �(12) := +1:

Îêðàøèâàåì âåðøèíó 6. ×òîáû ëåã÷å áûëî âîññòàíîâèòü êðàò÷àéøèé
ïóòü èç âåðøèíû 1 â âåðøèíó 6, çàìåòèì, ÷òî âåñ �(6) íå ìåíÿëñÿ ïðè
ïîñëåäîâàòåëüíîì îêðàøèâàíèè âåðøèí 3,2,4, è 5, à ïîìåíÿëñÿ ëèøü ïðè
îêðàøèâàíèè âåðøèíû 1. Ïîýòîìó îêðàøèâàåì ðåáðî e5 = f1; 6g è ïîëà-
ãàåì v := 6. Äåðåâîì êðàò÷àéøèõ ïóòåé ÿâëÿåòñÿ ìíîæåñòâî fe1; e2; e3; e4; e5g.

Øàã 3. Òàê êàê v 6= 12, âîçâðàùàåìñÿ ê øàãó 2.
Øàã 2.

�(7) := 10:2; �(8) := 11:4; �(9) := 7:8;
�(10) :=1; �11; �(12) := +1:

Îêðàøèâàåì âåðøèíó 9 è ðåáðî e6 = f6; 9g. Ïîëàãàåì v := 9. Äåðåâî
êðàò÷àéøèõ ïóòåé â äàííûé ìîìåíò ñîñòîèò èç ðåáåð e1; e2; : : : ; e6.

Øàã 3. v 6= 12, ïîýòîìó ïåðåõîäèì ê øàãó 2.
Øàã 2.

�(7) := 10:2; �(8) := 11:4; �(10) := 14:5;
�(11) := 17:8; �(12) := 17:7:

Îêðàøèâàåì âåðøèíó 7 è ðåáðî e7 = f5; 7g. Ïðèñâàèâàåì v := 8. Äåðåâî
êðàò÷àéøèõ ïóòåé ñåé÷àñ ïðåäñòàâëÿåò ñîáîé ìíîæåñòâî fe1; e2; : : : ; e7g.

Øàã 3. Òàê êàê v 6= 12, ìû âíîâü ïåðåõîäèì ê øàãó 2.
Øàã 2.

�(8) := 11:4; �(10) := 14:5; �(11) := 17:8; �(12) := 17:7:

Îêðàøèâàåì âåðøèíó 8 è ðåáðî e8 = f6; 8g. Ïîëàãàåì v := 8. Äåðåâî
êðàò÷àéøèõ ïóòåé � ýòî ìíîæåñòâî fe1; e2; : : : ; e8g.

Øàã 3. Ïîñêîëüêó v 6= 12, ïåðåõîäèì ê øàãó 2.
Øàã 2. �(10) := 14:5, �(11) := 17:8, �(12) := 17:7. Îêðàøèâàåì âåð-

øèíó 10 è ðåáðî e9 = f9; 10g. Ïîëàãàåì v := 10. Äåðåâîì êðàò÷àéøèõ
ïóòåé òåïåðü ÿâëÿåòñÿ ìíîæåñòâî fe1; e2; : : : ; e9g.

Øàã 3. v 6= 12, è, çíà÷èò, ïåðåõîäèì ê øàãó 2.
Øàã 2. �(11) := 17:8, �(12) := 17:7. Îêðàøèâàåì âåðøèíó 12 è ðå-

áðî e10 = f9; 12g è ïîëàãàåì v := 12. Äåðåâî êðàò÷àéøèõ ïóòåé � ýòî
ìíîæåñòâî fe1; e2; : : : ; e10g.

Øàã 3. Íàêîíåö, v = 12, è, ñëåäîâàòåëüíî, ÊÎÍÅÖ ÀËÃÎÐÈÒÌÀ.
Ïîäíèìàÿñü ïî äåðåâó êðàò÷àéøèõ ïóòåé îò âåðøèíû 12 ê âåðøèíå 1,

èìååì èñêîìûé ïóòü 1; 6; 9; 12, âåñ êîòîðîãî ñîñòàâëÿåò �(12) = 17:7.

9



�
��@

@@

@
@@

@
@@

@
@
@
@
@��

��
��

��
��@

@@�
��

�
��@

@@

�
��

�
�
�
�
�

3

4

5

6

7

8

9

10

11

12

1

2

q

q

q

q

q

q

q

q

q

q

Ðèñ. 33

Îòâåò. Êðàò÷àéøèé ïóòü: 1; 6; 9; 12, åãî âåñ: 17.7.

1.4. Çàäà÷à î ìàêñèìàëüíîì ïàðîñî÷åòàíèè

Îïðåäåëåíèå. Ïàðîñî÷åòàíèåì M â ãðàôå G íàçûâàåòñÿ ïîäìíîæå-
ñòâî ðåáåð ýòîãî ãðàôà, òàêîå, ÷òî êàæäàÿ âåðøèíà ãðàôà èíöèäåíòíà
íå áîëåå ÷åì îäíîìó ðåáðó èç M . Ïàðîñî÷åòàíèå ñ íàèáîëüøèì ÷èñëîì
ðåáåð íàçûâàåòñÿ ìàêñèìàëüíûì.

Îïðåäåëåíèå. Âåðøèíà ãðàôà G íàçûâàåòñÿ îòêðûòîé, åñëè îíà íå
èíöèäåíòíà íè îäíîìó èç ðåáåð ïàðîñî÷åòàíèÿ M .

Ðåáðà èç M áóäåì èçîáðàæàòü òåìíûìè ëèíèÿìè, à âåðøèíû èì,
èíöèäåíòíûå, � òåìíûìè êðóãàìè. Ðåáðà, íå ïîïàâøèå â M , áóäåì èçî-
áðàæàòü ñâåòëûìè ëèíèÿìè, à îòêðûòûå âåðøèíû � îêðóæíîñòÿìè.

Îïðåäåëåíèå. Óâåëè÷èâàþùåéñÿ öåïüþ íàçûâàåòñÿ ïðîñòàÿ öåïü

[v0; u1; v1; u2; v2; u3; : : : ; vn�1; un; vn; un+1]

ãðàôà G, òàêàÿ, ÷òî n 2 N [ f0g, fui; vig 2M , fvj; uj+1g 62M äëÿ ëþáûõ
i 2 f1; : : : ; ng, j 2 f0; : : : ; ng è âåðøèíû v0, un+1 ÿâëÿþòñÿ îòêðûòûìè
(ñì. ðèñ. 34).

Àëãîðèòì ïîñòðîåíèÿ

ìàêñèìàëüíîãî ïàðîñî÷åòàíèÿ

Øàã 1. Ïîëàãàåì M := ;.
Øàã 2. Âûáèðàåì ïðîèçâîëüíî îòêðûòóþ âåðøèíó v0. Åñëè ñóùåñòâó-

åò óâåëè÷èâàþùàÿñÿ öåïü

p := [v0; u1; v1; u2; v2; u3; : : : ; vn�1; un; vn; un+1];

íà÷èíàþùàÿñÿ ñ ýòîé âåðøèíû (ñì. ðèñ. 34), òî ïîëàãàåì

M := M [ ffv0; u1g; fv1; u2g; fv2; u3g; : : : ; fvn�1; ung; fvn; un+1gg n
nffu1; v1g; fu2; v2g; : : : ; fun; vngg:
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b r r r r r r r r bp p p

v0 u1 v1 u2 v2 u3 un vnun+1
Ðèñ. 34

Òàêèì îáðàçîì, äëÿ ëþáîé óâåëè÷èâàþùåéñÿ öåïè "ñâåòëûå"ðåáðà âêëþ-
÷àåì â ïàðîñî÷åòàíèå M , à "òåìíûå"ðåáðà èç íåãî èñêëþ÷àåì. À åñëè
òàêîé öåïè íå ñóùåñòâóåò, òî ÊÎÍÅÖ ÀËÃÎÐÈÒÌÀ.

Øàã 3. Åñëè åùå åñòü îòêðûòûå âåðøèíû, òî ïåðåõîäèì ê øàãó 2.
Åñëè èõ íåò, òî ÊÎÍÅÖ ÀËÃÎÐÈÒÌÀ.

Çàìåòèì, ÷òî ðåøåíèå çàäà÷è î ìàêñèìàëüíîì ïàðîñî÷åòàíèè, âîîáùå
ãîâîðÿ, íåîäíîçíà÷íî è çàâèñèò îò âûáîðà îòêðûòûõ âåðøèí è ñîîòâåò-
ñòâóþùèõ óâåëè÷èâàþùèõñÿ öåïåé íà øàãå 2.

Çàäà÷à 3. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â ãðàôå, èçîáðàæåí-
íîì íà ðèñ. 21.

Ðåøåíèå. Íà êàæäîì øàãå àëãîðèòìà ðåáðà, âõîäÿùèå â ñòðîÿùååñÿ
ìàêñèìàëüíîå ïàðîñî÷åòàíèå, áóäåì âûäåëÿòü íà ðèñ. 35�46 òåìíûìè
ëèíèÿìè, à âåðøèíû, èì èíöèäåíòíûå, � òåìíûìè êðóãàìè.

Øàã 1. Ïîëàãàåì M := ;.
Øàã 2. Âûáèðàåì â êà÷åñòâå îòêðûòîé âåðøèíû, íàïðèìåð, âåðøèíó

1, à â êà÷åñòâå óâåëè÷èâàþùåéñÿ öåïè p, íà÷èíàþùåéñÿ ñ ýòîé îòêðûòîé
âåðøèíû, íàïðèìåð, öåïü [1; 2] (ñì. ðèñ. 35). Òîãäà

M := ff1; 2gg

(ñì. ðèñ. 36).
Øàã 3. Îòêðûòûå âåðøèíû åùå åñòü, ïîýòîìó ïåðåõîäèì ê øàãó 2.
Øàã 2. Òåïåðü â êà÷åñòâå îòêðûòîé âåðøèíû âîçüìåì âåðøèíó 3, à

â êà÷åñòâå ñîîòâåòñòâóþùåé óâåëè÷èâàþùåéñÿ öåïè p � öåïü [3; 1; 2; 4]
(ðèñ. 37). Òîãäà

M := ff1; 3g; f2; 4gg

(ðèñ. 38). Øàã 3. Åùå åñòü îòêðûòûå âåðøèíû, ïîýòîìó ïåðåõîäèì ê
øàãó 2.

Øàã 2. Âåðøèíà 5 îòêðûòà, è öåïü p := [5; 3; 1; 2; 4; 7] (ðèñ. 39) ÿâëÿ-
åòñÿ óâåëè÷èâàþùåéñÿ. Òàêèì îáðàçîì, (ñì. ðèñ. 40)

M := ff3; 5g; f1; 2g; f4; 7gg :

Øàã 3. Ïîñêîëüêó îòêðûòûå âåðøèíû åùå åñòü, âíîâü ïåðåõîäèì ê
øàãó 2.
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Øàã 2. Áåðÿ âåðøèíó 6 â êà÷åñòâå îòêðûòîé è öåïü
p := [6; 5; 3; 1; 2; 4; 7; 9] â êà÷åñòâå óâåëè÷èâàþùåéñÿ (ñì. ðèñ. 41), èìååì
(ðèñ. 42)

M := ff5; 6g; f1; 3g; f2; 4g; f7; 9gg :

Øàã 3. Ïåðåõîäèì ê øàãó 2, èáî îòêðûòûå âåðøèíû åùå åñòü.
Øàã 2. Âåðøèíà 8 îòêðûòàÿ, è öåïü p := [8; 9; 7; 10] óâåëè÷èâàþùàÿñÿ

(ðèñ. 43). Çíà÷èò, (ñì. ðèñ. 44),

M := ff8; 9g; f7; 10g; f5; 6g; f1; 3g; f2; 4gg :

Øàã 3. Íàêîíåö, âûáèðàåì îòêðûòóþ âåðøèíó 11 è â ïîñëåäíèé ðàç
ïåðåõîäèì ê øàãó 2.

Øàã 2. Åäèíñòâåííî âîçìîæíîé óâåëè÷èâàþùåéñÿ öåïüþ ÿâëÿåòñÿ
öåïü p := [11; 9; 8; 7; 10; 12] (ðèñ. 45). È èñêîìûì ïàðîñî÷åòàíèåì òîãäà
áóäåò ìíîæåñòâî (ñì. ðèñ. 46)

M := ff1; 3g; f2; 4g; f5; 6g; f7; 8g; f9; 11g; f10; 12g:g

Îòâåò. Ìàêñèìàëüíûì ïàðîñî÷åòàíèåì ÿâëÿåòñÿ ìíîæåñòâî

ff1; 3g; f2; 4g; f5; 6g; f7; 8g; f9; 11g; f10; 12gg :

2. *

Èíäèâèäóàëüíîå äîìàøíåå çàäàíèå
Âàðèàíò �1

6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1:3,
c(1; 3) = 2:4, c(1; 4) = 3:1, c(1; 7) = 0:5, c(2; 3) = 4:2, c(2; 4) = 2:3, c(2; 5) =
4:5, c(3; 4) = 1:3, c(3; 5) = 0:9, c(3; 7) = 1:1, c(4; 5) = 5:3, c(4; 6) = 6,
c(4; 7) = 3, c(4; 9) = 1, c(5; 7) = 7:3, c(5; 8) = 8, c(5; 11) = 6:4, c(6; 7) = 3:5,
c(6; 9) = 7:8 c(7; 8) = 3, c(7; 9) = 3:6, c(7; 10) = 2, c(8; 10) = 10, c(9; 10) = 3,
c(9; 11) = 5, c(10; 11) = 4:6, c(10; 12) = 4:8, c(11; 12) = 1:7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 13 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1:5,
c(1; 4) = 1, c(1; 5) = 0:9, c(1; 3) = 2, c(2; 3) = 2:1, c(2; 5) = 3, c(2; 7) = 1:7,
c(3; 4) = 3, c(3; 5) = 0:1, c(3; 6) = 4:5, c(4; 5) = 5, c(4; 7) = 5:7, c(4; 9) = 7:3,
c(5; 6) = 3:2, c(5; 7) = 1:8, c(5; 8) = 9, c(5; 9) = 2, c(6; 9) = 4, c(7; 8) = 4:2,
c(7; 10) = 6, c(7; 11) = 6:7, c(8; 9) = 3, c(8; 10) = 4, c(9; 10) = 6:5,
c(9; 13) = 3:7, c(10; 11) = 2:5, c(10; 12) = 2:7, c(10; 13) = 3:4, c(11; 12) = 1,
c(12; 13) = 2:6.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1, c(1; 3) =
2, c(1; 4) = 3, c(2; 3) = 2, c(2; 5) = 3, c(2; 6) = 5, c(3; 4) = 7, c(3; 6) = 3,
c(4; 6) = 2, c(4; 7) = 3, c(4; 9) = 5, c(5; 6) = 1, c(5; 8) = 8, c(6; 7) = 5,
c(6; 8) = 7, c(6; 9) = 6 c(7; 10) = 3, c(7; 12) = 2, c(8; 9) = 8, c(8; 12) = 2,
c(8; 14) = 1, c(9; 10) = 3, c(10; 11) = 4, c(10; 13) = 5, c(11; 12) = 7,
c(11; 13) = 5, c(11; 14) = 4, c(12; 13) = 1, c(12; 14) = 5, c(13; 14) = 9.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 15 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1:3,
c(1; 4) = 1, c(1; 5) = 2, c(1; 9) = 3, c(2; 3) = 4, c(2; 4) = 2, c(3; 4) = 2,
c(3; 7) = 3, c(3; 12) = 5, c(4; 5) = 5:7, c(4; 6) = 1:5, c(5; 6) = 6, c(5; 8) = 4,
c(6; 7) = 7, c(6; 9) = 5:3, c(7; 9) = 1:2, c(7; 10) = 2, c(8; 9) = 2:4, c(8; 11) = 5,
c(9; 10) = 3:9, c(9; 11) = 4, c(9; 14) = 3:7, c(9; 15) = 5:2, c(10; 12) = 3:8,
c(11; 12) = 2, c(11; 13) = 1, c(11; 15) = 5:4, c(12; 15) = 3:2, c(13; 14) = 9,
c(14; 15) = 7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 11 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2, c(1; 3) =
1:2, c(1; 4) = 5, c(1; 5) = 1:5, c(1; 6) = 4, c(2; 3) = 7:1, c(2; 5) = 3:8,
c(2; 6) = 7:2, c(3; 4) = 8, c(3; 5) = 2, c(3; 6) = 1:5, c(4; 5) = 1, c(4; 6) = 6,
c(4; 7) = 7:2, c(5; 6) = 3:5, c(5; 8) = 2:2, c(6; 7) = 0:8, c(6; 8) = 6:5,
c(6; 10) = 1:9, c(6; 11) = 3, c(7; 8) = 1, c(7; 9) = 2:1, c(7; 10) = 2:5,
c(8; 11) = 10, c(9; 10) = 2:4, c(9; 11) = 4, c(10; 11) = 0:7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 10 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2, c(1; 3) =
3, c(1; 4) = 4, c(1; 5) = 7, c(1; 6) = 1, c(1; 8) = 5, c(2; 4) = 6, c(2; 5) = 7,
c(2; 9) = 9, c(3; 4) = 4, c(3; 6) = 5, c(3; 7) = 0:5, c(4; 5) = 1, c(4; 6) = 6,
c(4; 7) = 7:2, c(5; 7) = 7, c(5; 8) = 2, c(5; 10) = 5, c(6; 7) = 3, c(6; 8) = 0:4,
c(7; 8) = 4, c(7; 9) = 3, c(8; 9) = 7, c(8; 10) = 8, c(9; 10) = 4.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 11 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1:2,
c(1; 3) = 3, c(1; 4) = 1:6, c(1; 5) = 2, c(2; 3) = 4, c(2; 4) = 3, c(2; 5) = 2,
c(3; 4) = 4:5, c(3; 6) = 7, c(3; 8) = 1:8, c(3; 9) = 4, c(4; 5) = 3, c(4; 6) = 1:7,
c(4; 7) = 5, c(5; 6) = 4, c(5; 7) = 7, c(5; 8) = 9, c(6; 7) = 6, c(6; 8) = 3:2,
c(6; 9) = 4, c(7; 8) = 5:6, c(7; 11) = 3, c(8; 9) = 7, c(8; 10) = 9, c(8; 11) = 8,
c(9; 10) = 3, c(9; 11) = 4:3, c(10; 11) = 5.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 4, c(1; 3) =
3, c(1; 4) = 1, c(1; 5) = 2, c(2; 3) = 4, c(2; 4) = 4, c(2; 5) = 2:1, c(3; 4) = 5,
c(3; 5) = 7, c(3; 6) = 1:8, c(4; 5) = 1:5, c(4; 8) = 1, c(4; 11) = 8:3, c(5; 6) = 3,
c(5; 7) = 2, c(5; 8) = 9, c(6; 7) = 7, c(6; 9) = 3:2, c(6; 10) = 6, c(6; 11) = 5,
c(7; 8) = 10, c(7; 10) = 5, c(7; 12) = 3, c(8; 10) = 8, c(8; 11) = 5, c(9; 10) = 3,
c(9; 12) = 2, c(10; 11) = 2, c(10; 12) = 0:3, c(10; 13) = 7, c(10; 14) = 3,
c(11; 14) = 10, c(12; 13) = 1, c(13; 14) = 5.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:4,
c(1; 3) = 3:1, c(1; 4) = 7, c(1; 5) = 3, c(1; 5) = 4, c(2; 3) = 4:8, c(2; 4) = 0:7,
c(2; 5) = 1, c(3; 4) = 6:2, c(3; 6) = 7, c(4; 5) = 5:5, c(4; 6) = 5, c(4; 7) = 6:3,
c(4; 8) = 3, c(4; 11) = 6, c(5; 8) = 3, c(6; 7) = 1:7, c(6; 9) = 3:3, c(6; 10) =
4:6, c(7; 8) = 6, c(7; 9) = 6:5, c(8; 9) = 3:5, c(8; 11) = 4:5, c(9; 10) = 3,
c(9; 11) = 2, c(9; 12) = 2:7, c(10; 11) = 4, c(10; 12) = 4:3, c(11; 12) = 1.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2, c(1; 4) =
1, c(1; 5) = 4, c(1; 6) = 5, c(1; 8) = 3, c(2; 3) = 2, c(2; 5) = 1, c(2; 6) = 2,
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c(3; 5) = 5, c(3; 6) = 9, c(4; 5) = 8, c(4; 6) = 9, c(4; 9) = 5, c(5; 6) = 3,
c(6; 7) = 3, c(6; 8) = 6, c(6; 9) = 5, c(6; 10) = 7, c(6; 12) = 8, c(7; 8) = 4,
c(7; 10) = 1, c(8; 9) = 2, c(8; 12) = 2, c(9; 10) = 2, c(9; 11) = 6, c(10; 11) = 1,
c(11; 12) = 10.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:8,
c(1; 3) = 2:5, c(1; 4) = 3, c(1; 7) = 5:2, c(1; 8) = 4:1, c(2; 3) = 1, c(2; 5) = 7,
c(2; 7) = 6, c(3; 4) = 1:5, c(3; 5) = 2, c(4; 5) = 0:8, c(4; 6) = 2, c(5; 6) = 5,
c(5; 7) = 6, c(5; 8) = 3, c(6; 7) = 8, c(6; 8) = 3:5, c(6; 12) = 10, c(7; 8) = 5,
c(7; 9) = 6:8, c(7; 10) = 6, c(8; 9) = 10, c(8; 10) = 1, c(8; 11) = 4, c(9; 10) =
10, c(9; 12) = 5, c(10; 11) = 8, c(10; 12) = 9, c(11; 12) = 3.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 13 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:4,
c(1; 3) = 1:6, c(1; 4) = 1, c(1; 5) = 0:9, c(1; 6) = 2:4, c(1; 8) = 7, c(2; 3) = 3,
c(2; 4) = 4, c(3; 4) = 5:6, c(3; 6) = 6, c(4; 5) = 1:5, c(4; 7) = 2:9, c(4; 9) = 6,
c(5; 6) = 4:8, c(5; 8) = 9, c(6; 7) = 5:2, c(6; 8) = 4:6, c(6; 9) = 6:1, c(7; 8) = 1,
c(7; 11) = 1, c(8; 9) = 5:7, c(8; 10) = 3, c(8; 11) = 4:3, c(8; 13) = 3:9,
c(9; 10) = 9, c(9; 13) = 10, c(10; 11) = 1:1, c(10; 12) = 1:2, c(10; 13) = 1:3,
c(11; 12) = 5, c(12; 13) = 5.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2, c(1; 3) =
1, c(1; 4) = 5, c(1; 7) = 3, c(2; 3) = 7, c(2; 4) = 3, c(2; 7) = 1, c(3; 4) = 8,
c(3; 5) = 9, c(3; 6) = 5, c(3; 8) = 10, c(4; 5) = 3:6, c(4; 7) = 3:9, c(5; 6) = 2,
c(5; 7) = 1:5, c(5; 12) = 6:7, c(6; 7) = 4, c(6; 8) = 1, c(6; 10) = 7:1, c(6; 9) =
1:5, c(7; 9) = 2:2, c(7; 10) = 9, c(8; 9) = 5:1, c(8; 11) = 6, c(9; 10) = 1,
c(9; 11) = 2, c(9; 12) = 5:9, c(10; 11) = 6, c(10; 12) = 3, c(11; 12) = 4:7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:4,
c(1; 3) = 3:5, c(2; 3) = 3:7, c(2; 5) = 1:8, c(2; 7) = 4:1, c(2; 8) = 3:9,
c(3; 4) = 1:4, c(3; 6) = 1:5, c(4; 5) = 7:3, c(4; 6) = 6:2, c(4; 7) = 4:6,
c(5; 6) = 1:8, c(5; 8) = 5, c(6; 7) = 7, c(6; 8) = 8, c(6; 9) = 9, c(7; 8) = 1,
c(7; 9) = 5:6, c(7; 10) = 7:4, c(7; 13) = 1:3, c(8; 9) = 4:8, c(8; 11) = 0:5,
c(8; 13) = 3:5, c(9; 10) = 9:1, c(9; 11) = 3:8, c(9; 12) = 2:5, c(10; 11) = 0:4,
c(10; 13) = 7:6, c(11; 12) = 4, c(12; 13) = 8, c(12; 14) = 9, c(13; 14) = 6:7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:1,
c(1; 3) = 3:6, c(1; 5) = 1:4, c(1; 6) = 6, c(1; 7) = 1, c(2; 3) = 2:5, c(2; 4) = 4:8,
c(3; 6) = 7, c(4; 5) = 3, c(4; 7) = 7, c(5; 6) = 2, c(5; 8) = 8, c(5; 10) = 5,
c(6; 9) = 3, c(6; 12) = 2, c(7; 8) = 9, c(7; 10) = 6, c(7; 13) = 9, c(8; 9) = 1,
c(8; 12) = 4, c(8; 14) = 9:1, c(9; 11) = 2, c(10; 11) = 5:4, c(10; 12) = 4,
c(10; 13) = 8:3, c(11; 12) = 4:5, c(11; 14) = 10, c(12; 13) = 3, c(12; 14) = 1,
c(13; 14) = 4:7.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 3:5,
c(1; 3) = 4:7, c(1; 4) = 2:8, c(1; 9) = 3:1, c(2; 3) = 4:5, c(2; 5) = 2, c(2; 6) = 1,
c(3; 4) = 3, c(3; 5) = 6:9, c(4; 5) = 7:2, c(4; 7) = 8:3, c(5; 6) = 9:1, c(5; 7) =
7:4, c(5; 8) = 5:6, c(6; 7) = 1:2, c(6; 9) = 3:6, c(6; 10) = 7, c(7; 8) = 4:5,
c(7; 9) = 1:9, c(8; 9) = 4:7, c(8; 13) = 7:2, c(9; 10) = 2:9, c(9; 11) = 2,
c(9; 13) = 3, c(10; 11) = 7, c(10; 12) = 6:5, c(10; 13) = 4:3, c(11; 13) = 5:2,
c(12; 13) = 6:7, c(12; 14) = 8:3, c(13; 14) = 5:3.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 14 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1, c(1; 3) =
2, c(1; 4) = 1, c(1; 6) = 4, c(2; 3) = 2, c(2; 5) = 7, c(2; 6) = 3, c(2; 8) = 5,
c(3; 4) = 6, c(3; 5) = 7, c(3; 7) = 3, c(3; 8) = 4, c(4; 5) = 5, c(4; 6) = 5,
c(4; 7) = 8, c(4; 10) = 2, c(5; 6) = 1, c(5; 8) = 5, c(6; 7) = 3, c(6; 8) = 6,
c(6; 9) = 7, c(6; 14) = 4, c(7; 8) = 4, c(7; 9) = 5, c(7; 10) = 1, c(7; 12) = 2,
c(8; 9) = 3, c(8; 11) = 3, c(8; 12) = 6, c(9; 10) = 5, c(9; 11) = 4, c(9; 12) = 7,
c(10; 12) = 3, c(10; 13) = 2, c(11; 12) = 1, c(11; 14) = 4, c(12; 13) = 3,
c(12; 14) = 2, c(13; 14) = 5.
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001001001101010100010101 ÷åòíîãî âåñà.
6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-

øèíó 12 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà, åñ-
ëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 1, c(1; 3) =
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4:1, c(1; 4) = 0:5, c(1; 5) = 3:2, c(2; 3) = 9:5, c(2; 5) = 2, c(2; 6) = 5:2,
c(3; 4) = 6, c(3; 6) = 2, c(4; 5) = 5:3, c(4; 7) = 4:5, c(5; 6) = 1:8, c(5; 9) = 4,
c(6; 7) = 3:1, c(6; 8) = 3:2, c(6; 10) = 4, c(7; 8) = 1:8, c(7; 10) = 5:8,
c(7; 11) = 6:2, c(8; 9) = 2, c(8; 11) = 2:5, c(8; 12) = 4, c(9; 10) = 7:3,
c(9; 11) = 8:1, c(9; 12) = 9:7, c(10; 11) = 1:3, c(10; 12) = 7, c(11; 12) = 2.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 15 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 3) = 1:3,
c(1; 4) = 2:5, c(1; 5) = 3:1, c(2; 4) = 6:2, c(2; 5) = 5:3, c(3; 4) = 6:1,
c(3; 6) = 3:8, c(4; 5) = 4:5, c(4; 6) = 4:9, c(4; 7) = 7:1, c(4; 8) = 8:8,
c(5; 8) = 5:6, c(6; 7) = 2:2, c(6; 9) = 2:4, c(6; 14) = 3, c(7; 8) = 4:6,
c(7; 11) = 4, c(8; 10) = 5:3, c(8; 12) = 5:6, c(9; 11) = 4:1, c(9; 13) = 4:4,
c(10; 12) = 5, c(10; 13) = 5:9, c(11; 14) = 6, c(12; 14) = 7:1, c(12; 15) = 4,
c(13; 14) = 5:5, c(13; 15) = 2:7, c(14; 15) = 6.
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6. Íàéòè ìèíèìàëüíûé îñòîâ, êðàò÷àéøèé ïóòü èç âåðøèíû 1 â âåð-
øèíó 11 è êàêîå-íèáóäü ìàêñèìàëüíîå ïàðîñî÷åòàíèå äàííîãî ãðàôà,
åñëè âåñà åãî ðåáåð ðàñïðåäåëåíû ñëåäóþùèì îáðàçîì: c(1; 2) = 2:5,
c(1; 3) = 1:4, c(1; 4) = 3:5, c(1; 6) = 2:8, c(1; 8) = 3:1, c(2; 3) = 4:7,
c(2; 4) = 5:3, c(2; 6) = 6:8, c(3; 4) = 1:8, c(3; 5) = 3:5, c(3; 6) = 2:9,
c(3; 9) = 1:1, c(4; 6) = 6:8, c(4; 7) = 6:4, c(5; 6) = 7:2, c(5; 7) = 2:2, c(5; 8) =
7:7, c(5; 10) = 4, c(6; 8) = 6:2, c(6; 10) = 5, c(7; 9) = 5:5, c(7; 10) = 4:5,
c(8; 9) = 8, c(8; 10) = 2:7, c(9; 10) = 9, c(9; 11) = 8:1, c(10; 11) = 1.
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