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Íåîïðåäåëåííûé èíòåãðàë Ïåðâîîáðàçíàÿ

Ìîòèâàöèÿ Ãëàâíàÿ ïðîáëåìà � íàéòè ôóíêöèþ ïî èçâåñòíîé
ïðîèçâîäíîé.

Ôóíêöèÿ f(x) îïðåäåëåíà íà èíòåðâàëå I, íàéòè ôóíêöèþ
F (x), îïðåäåëåííóþ íà I è óäîâëåòâîðÿþùóþ óñëîâèþ

F ′(x) = f(x) (1)

äëÿ êàæäîãî x ∈ I.

Theorem (î íåïðåðûâíîñòè ïåðâîîáðàçíîé)

Ïóñòü F ïåðâîîáðàçíàÿ íåêîòîðîé ôóíêöèè f íà èíòåðâàëå I. Òîãäà
ôóíêöèÿ F íåïðåðûâíàÿ íà I. Ýòî ñëåäóåò èç äèôôåðåíöèðóåìîñòè
ïåðâîîáðàçíîé è èç òîãî ôàêòà, ÷òî äèôôåðåíöèðóåìîñòü âëå÷åò
íåïðåðûâíîñòü.
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Íåîïðåäåëåííûé èíòåãðàë Ïåðâîîáðàçíàÿ

Ïðèìåð 1.

Ôóíêöèÿ y = x2 + 1 èìååò ïåðâîîáðàçíóþ y =
x3

3
+ x.

Äåéñòâèòåëüíî,

(
x3

3
+ x

)′
= x2 + 1.

Òî æå è äëÿ y =
x3

3
+ x− 5. Äåéñòâèòåëüíî,(

x3

3
+ x− 5

)′
= x2 + 1.
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Óòâåðæäåíèå 1. [Ëèíåéíîñòü ÍÈ] Ïóñòü f , g � èíòåãðèðóåìûå íà I
ôóíêöèè è c � äåéñòâèòåëüíîå ÷èñëî. Òîãäà íà I èìåþò ìåñòî
ðàâåíñòâà ∫

f(x)± g(x) dx =

∫
f(x) dx±

∫
g(x) dx,∫

cf(x) dx = c

∫
f(x) dx.

Óòâåðæäåíèå 2. [ñëîæíàÿ ôóíêöèÿ] Ïóñòü f � èíòåãðèðóåìàÿ íà I è
F � åå ïåðâîîáðàçíàÿ. Òîãäà∫

f(ax+ b) dx =
1

a
F (ax+ b) + C,

äëÿ êàæäîãî x, äëÿ êîòîðîãî ax+ b ∈ I, ãäå C � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ.
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Óòâåðæäåíèå 3. [ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ] Ïóñòü f
äèôôåðåíöèðóåìàÿ ôóíêöèÿ, íå îáðàùàþùàÿñÿ â íóëü â îòêðûòîì
èíòåðâàëå I ø f ′(x) åå ïðîèçâîäíàÿ íà I. Òîãäà íà I∫

f ′(x)

f(x)
dx = ln |f(x)|+ C, (2)

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Òàáëè÷íûå èíòåãðàëû

∫
xn dx =

xn+1

n+ 1
+ C, (here n = 1)∫

1

x
dx = ln |x|+ C.

∫
xn dx = xn+1

n+1∫
sinx dx = − cosx∫
ex dx = ex
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Èíòåãðèðîâàíèå: òåõíèêà

Íàéòè
∫

(2x+ 3 4
√
x+

6

x3
− sinx+ ex) dx.

I =

∫
(2x+ 3 4

√
x+

6

x3
− sinx+ ex) dx

= 2

∫
x dx+ 3

∫
x

1
4 dx+ 6

∫
x−3 dx−

∫
sinx dx+

∫
ex dx

= 2
x2

2
+ 3

x5/4

5/4
+ 6

x−2

−2
− (− cosx) + ex + C

= x2 +
12

5
x5/4 − 3

1

x2
+ cosx+ ex + C
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Íàéòè
∫ x2 + 4

x
dx.

∫
x2 + 4

x
dx =

∫
x2

x
+

4

x
dx

=

∫
x+

4
dx

=

∫
x dx+ 4

∫
1

x
dx

=
x2

2
+ 4 ln |x|+ C
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Â ïðåäûäóùåì ïðèìåðå íàì èçâåñòíû ïåðâîîáðàçíûå è ÷èñëèòåëÿ è
çíàìåíàòåëÿ ∫

(x2 + 4) dx =
x3

3
+ 4x+ C1,∫

x dx =
x2

2
+ C2.

Íî ýòî ïðàêòè÷åñêè áåñïîëåçíî, íåò ôîðìóëû èíòåãðèðîâàíèÿ äðîáè
àíàëîãè÷íîé ôîðìóëå äèôôåðåíöèðîâàíèÿ. Ïðåäâàðèòåëüíî
ïîäûíòåãðàëüíîå âûðàæåíèå óïðîùàåòñÿ è èñïîëüçóþòñÿ ñâîéñòâà ÍÈ.

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 9 / 71



Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Íàéòè

∫
tg x dx.

I =

∫
tg x dx

=

∫
sinx

cosx
dx

= −
∫
− sinx

cosx
dx

= −
∫

(cosx)′

cosx
dx

= − ln | cosx|+ C
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Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Ïðèìåð 2.

Íàéòè
∫ x+ 2

x2 + 4x+ 5
dx.

I =

∫
x+ 2

x2 + 4x+ 5
dx

=
1

2

∫
2x+ 4

x2 + 4x+ 5
dx

=
1

2

∫
(x2 + 4x+ 5)′

x2 + 4x+ 5
dx

=
1

2
ln(x2 + 4x+ 5) + C

Èñïîëüçóåì ðàâåíñòâî (x2 + 4x+ 5)′ = 2x+ 4. Â ÷èñëèòåëå íå õâàòàåò
ìíîæèòåëÿ. Äîìíîæèì è ðàçäåëèì íà 2. Ïðèâåäåì èíòåãðàë ê âèäó∫ f ′(x)

f(x) dx. Âîñïîëüçóåìñÿ
∫ f ′(x)

f(x) dx = ln |f(x)|+ C

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 11 / 71



Íåîïðåäåëåííûé èíòåãðàë
Íåîïðåäåëåííûé èíòåãðàë � îñíîâíûå ìåòîäû

âû÷èñëåíèÿ

Ïðèìåð 3. Íàéòè
∫ x+ 5

x2 + 4
dx.

I =
1

2

∫
2x+ 2 · 5
x2 + 4

dx

=
1

2
ln(x2 + 4) + 5

1

2
arctg

x

2
+ C

Çàìå÷àåì, ÷òî â ÷èñëèòåëå ìîæíî âûäåëèòü ïðîèçâîäíóþ îò
çíàìåíàòåëÿ.

Ïðèâåäåì ê òàáëè÷íîìó
∫ f ′(x)

f(x) dx.

Äëÿ ÷åãî ðàçîáúåì äðîáü íà ñóììó äâóõ.

Ïîëó÷àåì äâà òàáëè÷íûõ èíòåãðàëà:∫ f ′(x)
f(x) dx = ln |f(x)|+ C∫

1
A2+x2

dx = 1
A arctg x

A
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ

Ñëåäóþùåé òåìîé íàøåé ëåêöèè áóäåò çàäà÷à èíòåãðèðîâàíèÿ
äðîáíî-ðàöèîíàëüíîé ôóíêöèè. Íàïîìíèì, ÷òî äðîáíî-ðàöèîíàëüíàÿ
ôóíêöèÿ(ñîêð. ÄÐÔ èë ïðîñòî äðîáü) ýòî ôóíêöèÿ âèäà

R(x) =
Pn(x)

Qm(x)
, ãäå Pn(x) � ìíîãî÷ëåí n-îé ñòåïåíè è Qm(x) �

ìíîãî÷ëåí m-îé ñòåïåíè(m > 0).

Îïðåäåëåíèå. [ïðàâèëüíûå è íåïðàâèëüíûå äðîáè] Ðàññìîòðèì ÄÐÔ

R(x) =
Pn(x)

Qm(x)
. ÄÐÔ R(x) íàçûâàþò ïðàâèëüíîé äðîáüþ åñëè n < m

è íåïðàâèëüíîé â ïðîòèâíîì ñëó÷àå.

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 13 / 71



Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Óòâåðæäåíèå 4. [ðàçëîæåíèå íåïðàâèëüíîé äðîáè] Íåïðàâèëüíàÿ
äðîáü ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñóììû ìíîãî÷ëåíà è
ïðàâèëüíîé äðîáè.

Ýòî ðàçëîæåíèå âûïîëíÿåòñÿ â ïðîöåññå äåëåíèÿ ÷èñëèòåëÿ íà
çíàìåíàòåëü "óãîëêîì". ×àñòíîå îò äåëåíèÿ � öåëàÿ ÷àñòü, à îñòàòîê
áóäåò ÷èñëèòåëåì ïðàâèëüíîé äðîáè. Ïîñëå ýòîãî ïðîáëåìà
èíòåãðèðîâàíèÿ ÄÐÔ ñâåäåòñÿ ê èíòåãðèðîâàíèþ ïðàâèëüíîé äðîáè �
ìíîãî÷ëåí èíòåãðèðóåòñÿ ïî÷ëåííî ïî îäíîé èç òàáëè÷íûõ ôîðìóë.
Äëÿ èíòåãðèðîâàíèÿ æå ïðàâèëüíîé äðîáè òðåáóåòñÿ çíàíèå êîðíåé
çíàìåíàòåëÿ.

Â íàñòîÿùåì êóðñå ìû íå áóäåì ðàññìàòðèâàòü ñëó÷àé êðàòíûõ
êîìïëåêñíûõ êîðíåé çíàìåíàòåëÿ.
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Âûïîëíÿÿ ïðèâåäåíèå ê îáùåìó çíàìåíàòåëþ è ñëîæåíèå äðîáåé â
ëåâîé ÷àñòè ðàâåíñòâà, ìîæåì óáåäèòüñÿ â åãî ñïðàâåäëèâîñòè ïðè
ëþáûõ äîïóñòèìûõ x

1

4

1

x− 1
+

1

4

1

x+ 1
− 1

2

x

x2 + 1
=

x

x4 − 1
.

Êàê âû äóìàåòå, âûðàæåíèå â êàêîé ÷àñòè ðàâåíñòâà ïðîùå? Âîïðîñ
íå î÷åíü êîððåêòåí � âû÷èñëÿòü çíà÷åíèå íàâåðíîå áûñòðåå,
ïîäñòàâëÿÿ âìåñòî x ÷èñëî â ïðàâîé ÷àñòè. Òðè óìíîæåíèÿ, îäíî
âû÷èòàíèå è åùå äåëåíèå. Âñåãî 5 îïåðàöèé. Â ëåâîé ÷àñòè îïåðàöèé
çíà÷èòåëüíî áîëüøå. À âîò èíòåãðèðîâàòü êîíå÷íî ëåã÷å ëåâîå

âûðàæåíèå. Ïîíàäîáÿòñÿ òîëüêî îñíîâíûå òàáëè÷íûå èíòåãðàëû.
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Óòâåðæäåíèå 5. [ðàçëîæåíèå ïðàâèëüíîé íåñîêðàòèìîé äðîáè íà
ñóììó ïðîñòåéøèõ äðîáåé]

Ïóñòü ÄÐÔ R(x) =
Pn(x)

Qm(x)
� ïðàâèëüíàÿ. Ïóñòü òàêæå ìíîãî÷ëåíû

Pn(x) è Qm(x) íå èìåþò îáùèõ êîðíåé. Òàêóþ äðîáü íàçûâàþò
íåñîêðàòèìîé. Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà Qm(x) èìååò òîëüêî
äåéñòâèòåëüíûå êîðíè (êàê ïðîñòûå, òàê è êðàòíûå) è ïðîñòûå

êðàòíûå. Òîãäà R(x) =
Pn(x)

Qm(x)
åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ

â âèäå ñóììû ïðîñòåéøèõ äðîáåé, ïðè÷åì
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

êàæäîìó ïðîñòîìó êîðíþ c çíàìåíàòåëÿ Qm(x) ñîîòâåòñòâóåò
äðîáü

A

x− c
,

ãäå A - íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî;

êàæäîìó k-êðàòíîìó êîðíþ c çíàìåíàòåëÿ Qm(x) ñîîòâåòñòâóåò k
äðîáåé âèäà

A1

x− c
,

A2

(x− c)2
, . . . ,

Ak
(x− c)k

,

ãäå Ai - íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà;

êàæäîé ïðîñòîé ïàðå êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé
çíàìåíàòåëÿ Qm(x) ñîîòâåòñòâóåò äðîáü âèäà

Mx+N

x2 + px+ q
,

ãäå M è N äåéñòâèòåëüíûå ÷èñëà p2 − 4d < 0.
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Îïðåäåëåíèå. [ïðîñòåéøèå äðîáè]
Äðîáè, ïðåäñòàâëåííûå íèæå, íàçûâàþò ïðîñòåéøèìè äðîáÿìè.
Äðîáè

A1

x− c
- ïåðâîãî òèïà,

Ak
(x− c)k

, k > 1 - âòîðîãî òèïà,

Mx+N

x2 + px+ q
- òðåòüåãî òèïà,

Mx+N

(x2 + px+ q)k
, k > 1 - ÷åòâåðòîãî òèïà.

Äðîáè ÷åòâåðòîãî òèïà ïîÿâëÿþòñÿ â ðàçëîæåíèè ïðè íàëè÷èè
êðàòíûõ êîìïëåêñíûõ êîðíåé çíàìåíàòåëÿ. Â íàøåì êóðñå îíè
ðàññìàòðèâàòüñÿ íå áóäóò, íî â ëþáîì ó÷åáíèêå ïî ìàòåìàòè÷åñêîìó
àíàëèçó ñ íèìè ìîæíî îçíàêîìèòüñÿ.
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Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Ïðèìåð 4. Íåñêîëüêî ÷àñòíûõ ñëó÷àåâ.

x2

(x− 1)x(x+ 3)
=

A

x− 1
+
B

x
+

C

x+ 3
, {0, 1, −3}

- ïðîñòûå êîðíè çíàìåíàòåëÿ;

x

x3 − 1
=

A

x− 1
+

Bx+ C

x2 + x+ 1
, x3 − 1 = (x− 1)(x2 + x+ 1)

{1} - ïðîñòîé êîðåíü,

x2 + x+ 1 - èìååò êîìïëåêñíî ñîïðÿæåííûå êîðíè;

3x− 2

(x− 1)2x2
=

A

x− 1
+

B

(x− 1)2
+
C

x
+
D

x2
,

{0, 1} - êîðíè êðàòíîñòè äâà êàæäûé;

x2 + 2x+ 1

(x2 + 1)(x+ 2)2
=
Ax+B

x2 + 1
+

C

x+ 2
+

D

(x+ 2)2

Çäåñü ïàðà ïðîñòûõ êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé

è äåéñòâèòåëüíûé äâóêðàòíûé.
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[èíòåãðàëû îò ïðîñòåéøèõ äðîáåé] Ïðîñòåéøèå äðîáè ïåðâûõ äâóõ
òèïîâ èíòåãðèðóþòñÿ ñ ïîìîùüþ òàáëè÷íûõ èíòåãðàëîâ.∫

1

x− a
dx = ln |x− a|+ C, (3)∫

1

(x− a)n
dx =

1

1− n
(x− a)1−n + C, for n > 1. (4)

Íåìíîãî ñëîæíåå èíòåãðèðîâàíèå äðîáè òðåòüåãî òèïà. Äëÿ ëó÷øåãî
ïîíèìàíèÿ èñïîëüçóåìûõ ïðè ýòîì ïðåîáðàçîâàíèé, ðàññìîòðèì
íåñêîëüêî ÷àñòíûõ ñëó÷àåâ.∫

1

x2 + a2
dx =

1

a
arctg

x

a
, (5)∫

1

(x+m)2 + a2
dx =

1

a
arctg

x+m

a
. (6)
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Èíòåãðèðîâàíèå äðîáè òðåòüåãî òèïà áîëåå îáùåãî âèäà ìîæíî ñâåñòè
ê óæå ðàññìîòðåííûì ïðèìåðàì. Äëÿ çíàìåíàòåëÿ âèäà x2 + a2,
ìîæíî çàïèñàòü∫

Ax+B

x2 + a2
dx =

∫ (A
2

2x

x2 + a2
+B

1

x2 + a2

)
dx. (7)

Ïåðâûé èíòåãðàë � (2), âòîðîé � (5).

Åñëè â çíàìåíàòåëå ñòîèò
êâàäðàòíûé òðåõ÷ëåí, òî ìû äåëàåì ñëåäóþùåå.∫

Ax+B

x2 +Mx+N
dx =

A

2

∫ ( 2x+M

x2 +Mx+N
+
−N + 2B/A

x2 +Mx+N

)
dx. (8)
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Åñëè â çíàìåíàòåëå ñòîèò êâàäðàòíûé òðåõ÷ëåí, òî ìû äåëàåì
ñëåäóþùåå.∫

Ax+B

x2 +Mx+N
dx =

A

2

∫ ( 2x+M

x2 +Mx+N
+
−N + 2B/A

x2 +Mx+N

)
dx. (7)

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 21 / 71



Íåîïðåäåëåííûé èíòåãðàë Èíòåãðàë îò ÄÐÔ

Åñëè â çíàìåíàòåëå ñòîèò êâàäðàòíûé òðåõ÷ëåí, òî ìû äåëàåì
ñëåäóþùåå.∫

Ax+B

x2 +Mx+N
dx =

A

2

∫ ( 2x+M

x2 +Mx+N
+
−N + 2B/A

x2 +Mx+N

)
dx. (7)

Ïåðâîå ñëàãàåìîå ïîäâåäåíèåì ïîä çíàê äèôôåðåíöèàëà ñâîäèòñÿ ê
òàáëè÷íîìó ñëó÷àþ (2)

A

2

∫
2x+M

x2 +Mx+N
dx =

A

2

∫
d(x2 +Mx+N)

x2 +Mx+N
dx =

A

2
ln (x2 +Mx+N).

(8)
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Åñëè â çíàìåíàòåëå ñòîèò êâàäðàòíûé òðåõ÷ëåí, òî ìû äåëàåì
ñëåäóþùåå.∫

Ax+B

x2 +Mx+N
dx =

A

2

∫ ( 2x+M

x2 +Mx+N
+
−N + 2B/A

x2 +Mx+N

)
dx. (7)

Âòîðîå ñëàãàåìîå ïðèâîäèòñÿ ê âèäó (6), âûäåëåíèåì ïîëíîãî
êâàäðàòà â çíàìåíàòåëå.

(B − AN

2
)

∫
1

(x+M/2)2 +N −M2/4
dx. (8)
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Çàïèøåì ïîäðîáíî ïîðÿäîê èíòåãðèðîâàíèÿ ÄÐÔ.

Äëÿ âû÷èñëåíèÿ ÍÈ îò ÄÐÔ äåëàåì ñëåäóþùåå:
Åñëè ÄÐÔ íåïðàâèëüíàÿ � âûïîëíÿåì äåëåíèå, ïîëó÷àåì öåëóþ ÷àñòü
è ïðàâèëüíóþ äðîáü. Öåëàÿ ÷àñòü � ìíîãî÷ëåí � èíòåãðèðóåòñÿ
îòäåëüíî. Äðîáíàÿ ÷àñòü ìîæåò è îòñóòñòâîâàòü, åñëè ÷èñëèòåëü
äåëèòñÿ íà çíàìåíàòåëü íàöåëî.

Åñëè ïðàâèëüíàÿ äðîáü � îäíà èç ïðîñòåéøèõ, òî ïðèìåíÿåì
ñîîòâåòñòâóþùèé ïðèåì.
Â ïðîòèâíîì ñëó÷àå ðàçëàãàåì äðîáü íà ïðîñòåéøèå.
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Çàïèøåì ïîäðîáíî ïîðÿäîê èíòåãðèðîâàíèÿ ÄÐÔ.

Äëÿ âû÷èñëåíèÿ ÍÈ îò ÄÐÔ äåëàåì ñëåäóþùåå:
Åñëè ÄÐÔ íåïðàâèëüíàÿ � âûïîëíÿåì äåëåíèå, ïîëó÷àåì öåëóþ ÷àñòü
è ïðàâèëüíóþ äðîáü. Öåëàÿ ÷àñòü � ìíîãî÷ëåí � èíòåãðèðóåòñÿ
îòäåëüíî. Äðîáíàÿ ÷àñòü ìîæåò è îòñóòñòâîâàòü, åñëè ÷èñëèòåëü
äåëèòñÿ íà çíàìåíàòåëü íàöåëî.

Åñëè ïðàâèëüíàÿ äðîáü � îäíà èç ïðîñòåéøèõ, òî ïðèìåíÿåì
ñîîòâåòñòâóþùèé ïðèåì.
Â ïðîòèâíîì ñëó÷àå ðàçëàãàåì äðîáü íà ïðîñòåéøèå.
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Èùåì êîðíè çíàìåíàòåëÿ èëè ðàñêëàäûâàåì åãî íà ëèíåéíûå è
êâàäðàòè÷íûå ìíîæèòåëè. Ýòî ìîæíî ñäåëàòü, åñëè çíàìåíàòåëü
èìååò òîëüêî äåéñòâèòåëüíûå è ïðîñòûå êîìïëåêñíûå êîðíè. Êîíå÷íî,
ïðàêòè÷åñêè âûïîëíèòü ýòî ìîæíî òîëüêî â íåêîòîðûõ ñïåöèàëüíûõ
ñëó÷àÿõ(êîòîðûå è áóäóò ïðåäëîæåíû â ó÷åáíûõ çàäà÷àõ).
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Ïðè íàëè÷èè ðàçëîæåíèÿ çíàìåíàòåëÿ íà ìíîæèòåëè ìû ëåãêî
íàõîäèì êðàòíîñòü êîðíåé è ñîîòâåòñòâóþùóþ ñòðóêòóðó ðàçëîæåíèÿ
íà ïðîñòåéøèå äðîáè.
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Ïðè íàëè÷èè ðàçëîæåíèÿ çíàìåíàòåëÿ íà ìíîæèòåëè ìû ëåãêî
íàõîäèì êðàòíîñòü êîðíåé è ñîîòâåòñòâóþùóþ ñòðóêòóðó ðàçëîæåíèÿ
íà ïðîñòåéøèå äðîáè.

ìíîæèòåëþ (x− a) â ñóììå ñîîòâåòñòâóåò äðîáü
A

x− a
.
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Ïðè íàëè÷èè ðàçëîæåíèÿ çíàìåíàòåëÿ íà ìíîæèòåëè ìû ëåãêî
íàõîäèì êðàòíîñòü êîðíåé è ñîîòâåòñòâóþùóþ ñòðóêòóðó ðàçëîæåíèÿ
íà ïðîñòåéøèå äðîáè.

ìíîæèòåëþ (x− a) â ñóììå ñîîòâåòñòâóåò äðîáü
A

x− a
.

Ìíîæèòåëþ (x− a)n ñîîòâåòñòâóåò ñóììà n äðîáåé
A1

x− a
+

A2

(x− a)2
+, . . . , +

An
(x− a)n

.
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Ïðè íàëè÷èè ðàçëîæåíèÿ çíàìåíàòåëÿ íà ìíîæèòåëè ìû ëåãêî
íàõîäèì êðàòíîñòü êîðíåé è ñîîòâåòñòâóþùóþ ñòðóêòóðó ðàçëîæåíèÿ
íà ïðîñòåéøèå äðîáè.

ìíîæèòåëþ (x− a) â ñóììå ñîîòâåòñòâóåò äðîáü
A

x− a
.

Ìíîæèòåëþ (x− a)n ñîîòâåòñòâóåò ñóììà n äðîáåé
A1

x− a
+

A2

(x− a)2
+, . . . , +

An
(x− a)n

.

Ìíîæèòåëþ (x2 + px+ q) ñîîòâåòñòâóåò äðîáü
Mx+N

x2 + px+ q
.
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Ïðèìåð 5. Íàéòè I1 =
∫

x2+1
(x−1)(x+2)(x−2) dx.

Çàïèøåì ðàçëîæåíèå íà ïðîñòåéøèå äðîáè.

x2 + 1

(x− 1)(x+ 2)(x− 2)
=

A

x− 1
+

B

x+ 2
+

C

x− 2
. (9)

Çíà÷åíèÿ íåèçâåñòíûõ ìîæíî íàéòè ìåòîäîì ÷àñòíûõ çíà÷åíèé. Äëÿ
ýòîãî ïðèâåäåì ïðàâóþ ÷àñòü ê îáùåìó çíàìåíàòåëþ
(x− 1)(x+ 2)(x− 2). Ïðèðàâíÿåì ÷èñëèòåëè äðîáåé â ëåâîé è ïðàâîé
÷àñòè ðàâåíñòâà

x2 + 1 = A(x+ 2)(x− 2) +B(x− 1)(x− 2) + C(x− 1)(x+ 2). (10)

Çäåñü åñòü ìàëåíüêàÿ òîíêîñòü. Òîæäåñòâåííîå ðàâåíñòâî (9) íå èìååò
ñìûñëà ïðè çíà÷åíèÿõ ïåðåìåííîé x, îáðàùàþùèõ çíàìåíàòåëü â
íîëü. Îäíàêî ïðåäåëû ÷èñëèòåëåé (10) â ýòèõ òî÷êàõ äîëæíû
ñîâïàäàòü. Ïîñêîëüêó æå äëÿ íåïðåðûâíûõ ôóíêöèé ïðåäåëû
ñîâïàäàþò ñî çíà÷åíèÿìè, ìû ìîæåì ïðîñòî ïîäñòàâèòü
ïîñëåäîâàòåëüíî x = 1, x = −2 è x = 2 â (10).
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Ïîëó÷èì ñèñòåìó óðàâíåíèé
1 2 = A 3 (−1),
-2 5 = B (−3) (−4),
2 5 = 4C.

ñ ðåøåíèÿìè A = −2
3 , B = 5

12 è C = 5
4 . Ñëåäîâàòåëüíî

x2 + 1

(x− 1)(x+ 2)(x− 2)
= −

2
3

x− 1
+

5
12

x+ 2
+

5
4

x− 2
.

Èíòåãðèðîâàíèå äàåò

I1 =− 2

3
ln |x− 1|+ 5

12
ln |x+ 2|+ 5

4
ln |x− 2|

=
1

12

(
−8 ln |x− 1|+ 5 ln |x+ 2|+ 15 ln |x− 2|

)
=

1

12
ln

∣∣∣∣(x+ 2)5(x− 2)15

(x− 1)8

∣∣∣∣+ C.
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Ïðèìåð 6. Íàéòè I2 =
∫ x4 − x+ 1

x3 + x2
dx.

Äðîáü íåïðàâèëüíàÿ, ðàçäåëèì ÷èñëèòåëü íà çíàìåíàòåëü

x4 − x+ 1

x3 + x2
= x− 1 +

x2 − x+ 1

x3 + x2
.

Äàëåå áóäåì ðàññìàòðèâàòü òîëüêî ïðàâèëüíóþ äðîáü â ïðàâîé ÷àñòè.
Íàéäåì êîðíè çíàìåíàòåëÿ è ðàçëîæèì äðîáü íà ïðîñòåéøèå

x2 − x+ 1

x2(x+ 1)
=
A

x2
+
B

x
+

C

x+ 1
.

Ïðèâåäåì äðîáè â ïðàâîé ÷àñòè ê îáùåìó çíàìåíàòåëþ x2(x+ 1) è
ïðèðàâíÿåì ÷èñëèòåëè

x2 − x+ 1 = A(x+ 1) +Bx(x+ 1) + Cx2

Ïîäñòàâëÿÿ çíà÷åíèÿ x = 0 è x = −1, ïîëó÷àåì óðàâíåíèÿ

1 = A,

3 = C.
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Ìîæíî ïîäñòàâèòü åùå êàêîå-íèáóäü ÷àñòíîå çíà÷åíèå è íàéòè B. Åñòü
è äðóãîé ñïîñîá � ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.
Ìíîãî÷ëåíû

x2 − x+ 1 = Ax+A+Bx2 +Bx+ Cx2

ðàâíû òîãäà è òîëüêî òîãäà, êîãäà ðàâíû êîýôôèöèåíòû ïðè
îäèíàêîâûõ ñòåïåíÿõ x.
x2 1 = B + C,
x1 -1 = A+B,
x0 1 = A.

Ðåøàÿ ñèñòåìó, ïîëó÷èì òå æå çíà÷åíèÿ, ÷òî è â ìåòîäå ÷àñòíûõ
çíà÷åíèé.

I2 =

∫ (
x− 1 +

1

x2
− 2

x
+

3

x+ 1

)
dx

=
x2

2
− x− 1

x
− 2 ln |x|+ 3 ln |x+ 1|

=
x3 − 2x2 − 2

2x
+ ln

|x+ 1|3

x2
+ C.
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Ïðèìåð 7. Íàéòè I3 =
∫ x

x3 − 8
dx.

Ðàñêëàäûâàåì çíàìåíàòåëü (x− 2)(x2 + 2x+ 4) íà ìíîæèòåëè è
çàïèñûâàåì ñîîòâåòñòâóþùèå ïðîñòåéøèå äðîáè

x

(x− 2)(x2 + 2x+ 4)
=

A

x− 2
+

Bx+ C

x2 + 2x+ 4
.

Äîìíîæàÿ íà îáùèé çíàìåíàòåëü è ïðèðàâíèâàÿ ÷èñëèòåëè, ïîëó÷àåì

x = A(x2 + 2x+ 4) + (Bx+ C)(x− 2) (11)

è ïîñëå ïîäñòàíîâêè x = 2 íàõîäèì 2 = 12A, ò. å. A = 1
6 .

Ðàñêðûâàåì ñêîáêè (11)

x = Ax2 + 2Ax+ 4A+Bx2 − 2Bx+ Cx− 2C
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è ïðèðàâíèâàåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

x2 : 0 = A+B,

x1 : 1 = 2A− 2B + C,

x0 : 0 = 4A− 2C.

Ðåøåíèå ñèñòåìû B = −1
6 and C = 1

3 . Èòàê,

I3 =

∫
1

6

1

x− 2
+
−1

6x+ 1
3

x2 + 2x+ 4
dx

=
1

6
ln |x− 2| − 1

6

∫
x− 2

x2 + 2x+ 4
dx

=
1

6
ln |x− 2| − 1

6

∫ 1
2(2x+ 2)− 1− 2

x2 + 2x+ 4
dx

=
1

6
ln |x− 2| − 1

6

∫
1

2

2x+ 2

x2 + 2x+ 4
+

−3

(x2 + 2x+ 1) + 3
dx

=
2

12
ln |x− 2| − 1

12
ln |x2 + 2x+ 4|+ 3

6

∫
1

(x+ 1)2 + 3
dx

=
1

12
ln(x− 2)2 − 1

12
ln |x2 + 2x+ 4|+ 1

2
√

3
arctg

x+ 1√
3

=
1

12
ln

(x− 2)2

x2 + 2x+ 4
+

1

2
√

3
arctg

x+ 1√
3
.
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Èíòåãðèðîâàíèå ïî ÷àñòÿì

Theorem (èíòåãðèðóåì ïðîèçâåäåíèå "ïî ÷àñòÿì")

Ïóñòü u è v äèôôåðåíöèðóåìûå íà èíòåðâàëå I ôóíêöèè. Òîãäà∫
u(x)v′(x) dx = u(x)v(x)−

∫
u′(x)v(x) dx, (12)

åñëè èíòåãðàë â ïðàâîé ÷àñòè ñóùåñòâóåò.

P (x) � ìíîãî÷ëåí. Òèïè÷íîé áóäåò ñëåäóþùàÿ çàìåíà. Ìíîãî÷ëåí
ïîñëå äèôôåðåíöèðîâàíèÿ ñòàíîâèòñÿ "ïðîùå îáîçíà÷èì åãî çà u(x).∫

P (x)eαx+β dx,

∫
P (x) sin(αx+ β) dx,

∫
P (x) cos(αx+ β) dx.

Ñîîòâåòñòâåííî, îñòàâøàÿñÿ ÷àñòü ïîäûíòåãðàëüíîãî âûðàæåíèÿ � dv.
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À âîò â ñëåäóþùèõ ïðèìåðàõ∫
P (x) arctg x dx,

∫
P (x) lnm x dx,

çà u(x) îáîçíà÷èì îáðàòíóþ òðèãîíîìåòðè÷åñêóþ ôóíêöèþ èëè
ëîãàðèôì.
Â íåêîòîðûõ ñëó÷àÿõ ïðèõîäèòñÿ ïðîáîâàòü òó èëè èíóþ çàìåíó.
Îòäåëüíî ìîæíî óïîìÿíóòü âîçâðàòíûå èíòåãðàëû, ïîñëå ïðèìåíåíèÿ
ìåòîäà "ïî ÷àñòÿì" ìû âîçâðàùàåìñÿ ê èñõîäíîìó èíòåãðàëó.
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Ïðèìåð 8. [èíòåãðèðóåì ïî ÷àñòÿì]

∫
(x2 + 1)e−x dx =

u = x2 + 1 u′ = 2x

v′ = e−x v = −e−x
= −(x2 + 1)e−x+

+ 2

∫
xe−x dx

=
u = x u′ = 1

v′ = e−x v = −e−x
= −(x2 + 1)e−x + 2

(
−xe−x +

∫
e−x dx

)
= −(x2 + 1)e−x + 2(−xe−x − e−x) = −e−x(x2 + 2x+ 3) + C,
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∫
x arctg x dx =

u = arctg x u′ = 1
1+x2

v′ = x v = x2

2

=

=
x2

2
arctg x− 1

2

∫
x2

1 + x2
dx

=
x2

2
arctg x− 1

2

∫
1− 1

1 + x2
dx =

x2

2
arctg x− 1

2
x+

1

2
arctg x+C.
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Çàìåíà ïåðåìåííîé

Theorem (ïîäâåäåíèå ïîä çíàê äèôôåðåíöèàëà)

Ïóñòü f(x) íåïðåðûâíà íà èíòåðâàëå I, à ϕ(t) äèôôåðåíöèðóåìà íà J
è φ(J) = I. Òîãäà äëÿ t ∈ J∫

f(φ(t))ϕ′(t) dt =

∫
f(x) dx (13)

, ãäå x = ϕ(t).

Ïðè çàìåíå ïåðåìåííîé (13) ìû ïèøåì x âìåñòî ϕ(t) è dx âìåñòî

ϕ′(t) dt â äàííîì èíòåãðàëå. Äðóãèìè ñëîâàìè, çàìåíÿÿ x = ϕ(t) ,ìû

"ïîäâîäèì"ϕ(t) ïîä çíàê äèôôåðåíöèàëà dx = ϕ′(t) dt .
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Theorem (ïîäñòàíîâêà)

Ïóñòü f(x) íåïðåðûâíà íà îòêðûòîì èíòåðâàëå I, ϕ(t)
äèôôåðåíöèðóåìà íà J , íå èìååò ñòàöèîíàðíûõ òî÷åê è ϕ(J) = I.
Òîãäà ∫

f(x) dx =

∫
f(ϕ(t))ϕ′(t) dt (14)

âåîíî íà I, ãäå t = ϕ−1(x), â ïðàâîé ÷àñòè. Çäåñü ϕ−1(x) � îáû÷íîå
îáîçíà÷åíèå îáðàòíîé ôóíêöèè ê ϕ(x).
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Ïðèìåð 9. []

∫
xe1−x2 dx

1− x2 = t
−2x dx = dt
x dx = −1

2 dt
= −1

2

∫
et dt = −1

2
et = −1

2
e1−x2 + C
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Ïðèìåð 10. [òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà, íå÷åòíàÿ ñòåïåíü â
÷èñëèòåëå]∫

tg3 x dx =

∫
sin3 x

cos3 x
dx =

∫
sin2 x

cos3 x
sinx dx =

∫
1− cos2 x

cos3 x
sinx dx =

cosx = t

− sinx dx = dt

sinx dx = −dt

=

∫
−1− t2

t3
dt =

∫
1

t
− t−3 dt =

= ln |t|+ 1

2
t−2 = ln | cosx|+ 1

2 cos2 x
+ C

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 36 / 71



Îáùèå ìåòîäû èíòåãðèðîâàíèÿ

Ïðèìåð 11. [òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà, íå÷åòíàÿ ñòåïåíü â
çíàìåíàòåëå]∫

1

(2 + cosx) sinx
dx =

∫
sinx

(2 + cosx) sin2 x
dx

=

∫
1

(2 + cosx)(1− cos2 x)
sinx dx

cosx = t

sinx dx = −dt
= −

∫
1

(2 + t)(1− t2)
dt =

=

∫
1

(2 + t)(1 + t)(t− 1)
dt

=

∫
−1

2

1

1 + t
+

1

6

1

t− 1
+

1

3

1

2 + t
dt = −1

2
ln |1 + t|+ 1

6
ln |t− 1|+ 1

3
ln |2 + t|

= −1

2
ln(1 + cosx) +

1

6
ln(1− cosx) +

1

3
ln(2 + cosx)

=
1

6
ln

(1− cosx)(2 + cosx)2

(1 + cosx)3
+ C

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 37 / 71



Îáùèå ìåòîäû èíòåãðèðîâàíèÿ

Ïðèìåð 12. [Èððàöèîíàëüíàÿ ôóíêöèÿ]

∫ √
3x+ 2− 1

x+ 1
dx

3x+ 2 = t2

3 dx = 2tdt

dx = 2
3 tdt

x = 1
3(t2 − 2)

t =
√

3x+ 2

=

∫
t− 1

1
3(t2 − 2) + 1

2

3
t dt

= 2

∫
t− 1

t2 + 1
t dt = 2

∫
t2 − t
t2 + 1

dt = 2

∫
1 +
−t− 1

t2 + 1
dt

= 2

∫
1− t

t2 + 1
− 1

t2 + 1
dt

= 2
(
t− 1

2
ln |t2 + 1| − arctg t

)
+ C

= 2
√

3x+ 2− ln |3x+ 3| − 2 arctg
√

3x+ 2 + C
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Åùå îäíà ïîäñòàíîâêà

∫
R(ex) dx

ex = t

x = ln t

dx = 1
t dt

=

∫
R(t)

t
dt,

∫
R(lnx)

1

x
dx

lnx = t
1
x dx = dt

=

∫
R(t) dt.
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Ïðèìåð 13. Ïðåäïîëàãàÿ x > 0, ïîäñòàâèì t =
√

1− x2 â èíòåãðàëû

I0 =

∫ √
1− x2 dx, I1 =

∫
x
√

1− x2 dx,

I2 =

∫
x2
√

1− x2 dx, I3 =

∫
x3
√

1− x2 dx.

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 40 / 71



Îáùèå ìåòîäû èíòåãðèðîâàíèÿ Ïðèìåðû ïîäñòàíîâîê è çàìåí

Âû÷èñëèì I1 è I3. (íå íàäî I0 è I2)
t =
√

1− x2 ïîëó÷èì

t2 = 1− x2

x2 = 1− t2

2x dx = −2tdt

x dx = −t dt

íå ïîäõîäèò äëÿ x2,
√

1− x2 x dx, òàê êàê

x2 = 1− t2,
√

1− x2 = t, xdx = −t dt.

x =
√

1− t2.
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Ïðèìåð 14. Âû÷èñëèì I0 =
∫ √

1− x2 dx ïîäñòàíîâêîé x = sin t.
Ðåøåíèå: Ò.ê x = sin t, òî dx = cos t dt. Ðàññìàòðèâàåì èíòåðâàë
[−π/2, π/2]. Íà í¼ì cosx > 0. Ïîëó÷àåì

I0 =

∫ √
1− sin2 t cos tdt =

∫ √
cos2 t cos t dt =

∫
cos2 tdt

=

∫
1 + cos 2t

2
dt =

1

2

∫
(1 + cos 2t) dt

=
1

2

(
t+

1

2
sin 2t

)
=

1

2
(t+ sin t cos t) =

1

2
(t+ sin t

√
1− sin2 t)

=
1

2
(arcsinx+ x

√
1− x2) + C.

Áûëè èñïîëüçîâàíû òîæäåñòâà:

cos2 x =
1 + cos 2x

2
,

1

2
sin 2x = sinx cosx.
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Ïðèìåð 15. Âû÷èñëèòü
∫

tg3 x dx çàìåíîé tg x = t.
Ðåøåíèå: Äàííàÿ çàìåíà âëå÷åò

tg x = t

x = arctg t

dx =
1

1 + t2
dt

è, ñëåäîâàòåëüíî,∫
tg3 x dx =

∫
t3

1

1 + t2
dt =

∫
t3

t2 + 1
dt =

∫
t− t

t2 + 1
dt

=
t2

2
− 1

2
ln(t2 + 1) =

1

2
tg2 x− 1

2
ln(1 + tg2 x) + C

Çàìåòèì, ÷òî ìîæíî áûëî èñïîëüçîâàòü è äðóãóþ çàìåíó cosx = t 10.
Íà ïåðâûé âçãëÿä ðåçóëüòàòû ðàçëè÷àþòñÿ, íî ìîæíî óáåäèòüñÿ, ÷òî
ðàçëè÷èå â àääèòèâíîé êîíñòàíòå.
RÇàìåíó t = tg x ìîæíî ïðèìåíèòü è ê

∫
tg4 x dx.

Êðîõèí À.Ë. (ÓðÔÓ�ÐÈ-ÐòÔ) Ëåêöèè ïî ìàòåìàòè÷åñêîìó àíàëèçó 01.09.2010 44 / 71



Îáùèå ìåòîäû èíòåãðèðîâàíèÿ Ïðèìåðû ïîäñòàíîâîê è çàìåí

Ïðèìåð 16. Ïðèìåíèòü çàìåíó(ïîäñòàíîâêó) t = tg x ê èíòåãðàëó∫
sinx+cosx
sinx−cosx dx.

Ðåøåíèå: Èç óñëîâèÿ è ðåêîìåíäàöèè ñëåäóåò, ÷òî x = arctg t è
dx = 1

t2+1
dt. Âûðàçèì ôóíêöèè sinx è cosx ÷åðåç tg x è ÷åðåç t.

sinx = t√
t2+1

è cosx = 1√
t2+1

. Ïîäñòàâèì

∫
sinx+ cosx

sinx− cosx
dx =

∫ t√
t2+1

+ 1√
t2+1

t√
t2+1
− 1√

t2+1

1

t2 + 1
dt =

∫
t+ 1

(t− 1)(t2 + 1)
dt.

Ïîñëåäíèé èíòåãðàë ñîäåðæèò ÄÐÔ.
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Ïðèìåð 17. Ïðèìåíèòü ïîäñòàíîâêó x = tg t ê èíòåãðàëó∫
1

(x2+1)
3
2

dx.

Ðåøåíèå: Ïðè x = tg t dx =
1

cos2 t
dt, ïîýòîìó∫

1

(x2 + 1)

3

2

dx =

∫
1

(1 + tg2 t)

3

2

1

cos2 t
dt =

∫
1(

1 + sin2 t
cos2 t

)3
2

1

cos2 t
dt

=

∫
1(

sin2 + cos2 t
cos2 t

)3
2

1

cos2 t
dt =

∫
1(

1
cos2 t

)3
2

1

cos2 t
dt

=

∫
cos t dt.

Íó, à ýòî.....
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Ïîäñòàíîâêó tg
x

2
= t íàçûâàþò óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé.

Îíà ïðèìåíèìà ê èíòåãðàëàì âèäà∫
R(sinx, cosx) dx.

Äåëî â òîì, ÷òî

sinx =
2t

1 + t2
, cosx =

1− t2

1 + t2
, dx =

2 dt

1 + t2
.

Â ðåçóëüòàòå åå ïðèìåíåíèÿ ìû ïîëó÷àåì èíòåãðàë îò ÄÐÔ.
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Ìîæíî è ïðîùå. ∫
sinm x cosn x dx

Âû÷èñëÿþò à) îäèí èç ïîêàçàòåëåé íå÷åòíîå ïîëîæèòåëüíîå �
sinx dx = −d(cosx)
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Çàäà÷à î ïëîùàäè êðèâîëèíåéíîé òðàïåöèè

Ïëîùàäü ïëîñêîé ôèãóðû ìîæíî ðàññìàòðèâàòü êàê íåêîòîðóþ åå
÷èñëîâóþ õàðàêòåðèñòèêó, ïîíèìàÿ ýòî â ñëåäóþùåì ñìûñëå.
Èìååòñÿ íåêîòîðîå ïðàâèëî, ïî êîòîðîìó ôèãóðå ñîïîñòàâëÿåòñÿ
âåëè÷èíà S, óäîâëåòâîðÿþùàÿ òðåáîâàíèÿì:
1)S > 0;
2) ïëîùàäü ôèãóðû ðàâíà ñóììå ïëîùàäåé åå ÷àñòåé, S = S1 + S2;
3) ïëîùàäè ðàâíûõ (ñîâìåùàåìûõ) ôèãóð ðàâíû;
4) äëÿ êâàäðàòà ñî ñòîðîíîé a ïëîùàäü S = a2.
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Ïîñëåäíåå ñâîéñòâî, â ïðèíöèïå, ìîæíî âûâåñòè, ÷òî è äåëàåòñÿ â
øêîëüíîì êóðñå ìàòåìàòèêè. Èñõîäÿ èç ýòèõ ñâîéñòâ, ìîæíî âûâåñòè
ôîðìóëû äëÿ ïëîùàäåé ïðÿìîóãîëüíèêà, ïàðàëëåëîãðàììà,
òðåóãîëüíèêà è òðàïåöèè.
Âñå ýòè ôèãóðû îãðàíè÷åíû îòðåçêàìè ïðÿìûõ ëèíèé. Â ñëó÷àå
êðèâîëèíåéíîé ãðàíèöû (îêðóæíîñòü, íàïðèìåð) âûâîä
ñîîòâåòñòâóþùèõ ôîðìóë òðåáóåò ïðåäåëüíîãî ïåðåõîäà.
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Êðèâîëèíåéíàÿ òðàïåöèÿ

Ðàññìîòðèì ò. í. êðèâîëèíåéíóþ òðàïåöèþ.
Ýòî ôèãóðà, îãðàíè÷åííàÿ îñüþ àáñöèññ, äâóìÿ ïðÿìûìè x = a è
x = b, è ãðàôèêîì íåîòðèöàòåëüíîé ôóíêöèè f.
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Âû÷èñëÿåì ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

Òðàïåöèÿ, êàê èçâåñòíî èç ãåîìåòðèè, ýòî ÷åòûðåõóãîëüíèê, ó êîòîðîãî
äâå ñòîðîíû ïàðàëëåëüíû, à äâå � íåò.
Ïëîùàäü òðàïåöèè âû÷èñëÿåòñÿ ïî ôîðìóëå S = (a+ b)/2∆h, èíà÷å
"ïîëóñóììà îñíîâàíèé íà âûñîòó".
Êðèâîëèíåéíàÿ òðàïåöèÿ ïðåäñòàâëåíà íà ðèñóíêå, îäíà èç áîêîâûõ
ñòîðîí �- íåêîòîðàÿ êðèâàÿ.
Áóäåì â êà÷åñòâå êðèâîé áðàòü ãðàôèê ôóíêöèè f(x), x ∈ [a, b].
Ðàçîáüåì îòðåçîê [a, b] íà "÷àñòè÷íûå" îòðåçêè òî÷êàìè
a = x0 < x1 < x2 < . . . < xn−1 < xn = b. Ïðîâåäåì ÷åðåç ýòè òî÷êè
ïðÿìûå ïàðàëëåëüíî îñè îðäèíàò, ðàçîáúåì òðàïåöèþ íà n ÷àñòåé.
Êàæäóþ èç ýòèõ ÷àñòåé ìîæíî ãðóáî ðàññìîòðèâàòü êàê "íîðìàëüíóþ"
òðàïåöèþ. Òîãäà ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïîëó÷èâøåéñÿ
ëîìàíîé, áóäåò ðàâíà

S∗ =

n∑
i=1

f(xi−1) + f(xi)

2
·∆xi,
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Èíòåãðàëüíàÿ ñóììà

f(x) ∈ Åñëè ôóíêöèÿ íåïðåðûâíà íà îòðåçêå [a, b] (áóäåì ñ÷èòàòü, ÷òî
f îáëàäàåò ýòèì ñâîéñòâîì), òî íà êàæäîì ÷àñòè÷íîì îòðåçêå
íàéäåòñÿ òî÷êà

x∗i : f(x∗i ) =
f(xi−1) + f(xi)

2
.

Ìîæíî ïåðåïèñàòü ïëîùàäü â âèäå

S∗ =

n∑
i=1

f(x∗i ) ·∆xi,

è èíòåðïðåòèðîâàòü êàê ïëîùàäü ñòóïåí÷àòîé ôèãóðû, ñîñòàâëåííîé
èç ïðÿìîóãîëüíèêîâ.
Ñóììó, ñòîÿùóþ â ïðàâîé ÷àñòè, íàçûâàþò èíòåãðàëüíîé ñóììîé
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Ïîãðåøíîñòü ýòîãî ïðèáëèæåíèÿ ìîæíî îöåíèòü òàê.
Íà êàæäîì ÷àñòè÷íîì îòðåçêå ìîæíî âçÿòü äâà ïðÿìîóãîëüíèêà. Îäèí
ñ âûñîòîé, ðàâíîé ìàêñèìàëüíîìó çíà÷åíèþ îðäèíàòû. Âòîðîé �
ìèíèìàëüíîìó. Îáîçíà÷èì ñóììàðíóþ ïëîùàäü "ìàëåíüêèõ"
ïðÿìîóãîëüíèêîâ s, à áîëüøèõ � S. Î÷åâèäíî, s ≤ S∗ ≤ S.
"Èñòèííîå" çíà÷åíèå ïëîùàäè êðèâîëèíåéíîé òðàïåöèè Strap òàêæå
áóäåò óäîâëåòâîðÿòü íåðàâåíñòâó s ≤ Strap ≤ S. Ïîýòîìó
|S∗ − Strap| ≤ S − s. Óëó÷øèòü ïðèáëèæåíèå ìîæíî óìåíüøèâ S − s,
÷òî ìîæíî ñäåëàòü óâåëè÷èâàÿ ÷èñëî òî÷åê ðàçáèåíèÿ òàê, ÷òîáû
d = max{∆xi} → 0.
Èòàê, ïëîùàäü êðèâîëèíåéíîé òðàïåöèè ìîæíî ðàññìàòðèâàòü êàê
ïðåäåë ñïåöèôè÷åñêîãî âèäà

S = lim
d→0

n∑
i=1

f(x∗i ) ·∆xi.
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Ðèñ.: Caption above the �gures.

Ðèñ.: Caption below the �gures.
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Ïóòü ïðè íåðàâíîìåðíîì äâèæåíèè

v(t), t ∈ [t0, tfin] ÍàéòèS

t0 < t2 < · · · < tn = tfin.

τi ∈ [ti−1, ti]⇒ ∆Si = v(τi)∆ti

S ≈
n∑
i=1

v(τi)∆ti
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Îïðåäåëåííûé èíòåãðàë

Ïóñòü f(x), x ∈ [a, b] a < b
Ðàçáèåíèå τ : a = x0 < x1 < x2 < . . . xn−1 < xn = b.

d = max ∆xi� äèàìåòð ðàçáèåíèÿ;ξi ∈ [xi−1, xi].

Îïðåäåëåíèå. Èíòåãðàëüíàÿ ñóììà (ïî Ðèìàíó)
∑
f(ξi)∆xi

Îïðåäåëåíèå. Ïðåäåë èíòåãðàëüíîé ñóììû ïðè d→ 0 íàçûâàþò
îïðåäåëåííûì èíòåãðàëîì (ïî Ðèìàíó) è îáîçíà÷àþò

b∫
a

f(x) dx = lim
∑

f(ξi)∆xi
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x

y

xi−1x0 xn
a b

y = f(x)

xi

f(ξi)

ξi

Èíòåãðàëüíàÿ ñóììà (ïî Ðèìàíó)

S =
n∑

i=1

f(ξi)(xi − xi−1)
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x

y

xi−1x0 xn
a b

y = f(x)

xi

f(ξi)

ξi

Èíòåãðàëüíàÿ ñóììà (ïî Ðèìàíó)

S =
n∑

i=1

f(ξi)(xi − xi−1)
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x

y

xi−1x0 xn
a b

y = f(x)

xi

f(ξi)

ξi

Èíòåãðàëüíàÿ ñóììà (ïî Ðèìàíó)

S =
n∑

i=1

f(ξi)(xi − xi−1)
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x

y

xi−1x0 xn
a b

y = f(x)

xi

f(ξi)

ξi

Èíòåãðàëüíàÿ ñóììà (ïî Ðèìàíó)

S =
n∑

i=1

f(ξi)(xi − xi−1)
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b∫
a

f(x) dx,

x � ïåðåìåííàÿ èíòåãðèðîâàíèÿ; a � íèæíèé ïðåäåë èíòåãðèðîâàíèÿ;
b � âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ; f(x) dx � ïîäèíòåãðàëüíîé
âûðàæåíèå; f(x) � ïîäèíòåãðàëüíàÿ ôóíêöèÿ.
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Theorem

Íåîáõîäèìîå óñëîâèå èíòåãðèðóåìîñòè:

Åñëè ôóíêöèÿ èíòåãðèðóåìà íà [a, b], òî îíà îãðàíè÷åíà íà [a, b]

Theorem

Åñëè ôóíêöèÿ íåïðåðûâíà íà [a, b], òî îíà èíòåãðèðóåìà íà [a, b].

Åùå îäèí êëàññ ôóíêöèé, èíòåãðèðóåìûõ íà [a, b]�
êóñî÷íî-íåïðåðûâíûå íà [a, b], èëè èìåþùèå êîíå÷íîå ÷èñëî òî÷åê
ðàçðûâà 1 ðîäà.
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Êàæäîìó ñâîéñòâó äàäèì íåêîòîðîå íàèìåíîâàíèå, îíî áóäåò êðàòêî
îòðàæàòü òå ìàíèïóëÿöèè, êîòîðûå ìîæíî ïðîèçâîäèòü ñ ñèìâîëîì∫ b
a f(x)dx

0. Ñìåíà ïðåäåëîâ èíòåãðèðîâàíèÿ Ýòî äàæå íå ñâîéñòâî, ñëåäóþùåå

èç îïðåäåëåíèÿ, ñêîðåå ýòî íåêîòîðîå äîîïðåäåëåíèå íàøåãî
îáîçíà÷åíèÿ ÎÈ.
Åñëè a > b, òî ∫ b

a
f(x)dx = −

∫ a

b
f(x)dx.

Òàêæå, ïóñòü ∫ a

a
f(x)dx = 0.

1. Èíòåãðàë îò åäèíèöû ∫ b

a
dx = b− a
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Äîêàæåì ∫ b

a
f(x)dx = lim

d→0

n∑
i=0

f(x∗i )∆xi

Åñëè

f(x) = 1, ∀x ∈ [a, b], òî
n∑
i=0

∆xi = b− a

2. Âûíåñåíèå ïîñòîÿííîãî ìíîæèòåëÿ çà çíàê ÎÈ∫ b

a
αf(x)dx = α

∫ b

a
f(x)dx.

3. Èíòåãðèðîâàíèå ñóììû∫ b

a

(
f1(x) + f2(x)

)
dx =

∫ b

a
f1(x)dx+

∫ b

a
f2(x)dx
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4. Ðàçáèåíèå îòðåçêà èíòåãðèðîâàíèÿ∫ b

a
f(x)dx =

∫ c

a
f(x)dx+

∫ b

c
f(x)dx

5. Èíòåãðèðîâàíèå íåðàâåíñòâà

f(x) ≥ φ(x), x ∈ [a, b] =⇒
∫ b

a
f(x)dx ≥

∫ b

a
φ(x)dx.

6. Îöåíêà èíòåãðàëà

m ≤ f(x) ≤M =⇒ m(b− a) ≤
∫ b

a
f(x)dx ≤M(b− a)
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7. Òåîðåìà î ñðåäíåì èíòåãðàëüíîãî èñ÷èñëåíèÿ

f(x) ∈ C[a,b] =⇒ ∃µ ∈ [a, b] : f(µ) =
1

b− a

∫ b

a
f(x)dx.

Åñëè ôóíêöèÿ íåïðåðûâíà íà [a, b], òî íà ýòîì îòðåçêå íàéäåòñÿ ïî
êðàéíåé ìåðå îäíà òî÷êà µ òàêàÿ, ÷òî ñïðàâåäëèâî

f(µ) =
1

b− a

∫ b

a
f(x)dx.

Äîêàçàòåëüñòâî

Ïóñòü m è M � íàèìåíüøåå è íàèáîëüøåå çíà÷åíèÿ ôóíêöèè íà [a,b].
Â ñèëó ïðåäûäóùåãî ñâîéñòâà

m ≤ 1

b− a

∫ b

a
f(x)dx ≤M.

Íåïðåðûâíàÿ íà îòðåçêå ôóíêöèÿ ïðèíèìàåò ëþáîå ïðîìåæóòî÷íîå
çíà÷åíèå, ïîýòîìó íàéäåòñÿ

µ ∈ [a, b] : f(µ) =
1

b− a

∫ b

a
f(x)dx.

8. ∣∣∣∣∫ b

a
f(x)dx

∣∣∣∣ ≤ ∫ b

a
|f(x)| dx
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Èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì

Ðàññìîòðèì ôóíêöèþ f , èíòåãðèðóåìóþ íà [a, b]. Çíà÷åíèå èíòåãðàëà

J(x) =

∫ x

a
f(t)dt, x ∈ [a, b]

çàâèñèò îò x, åãî íàçûâàþò èíòåãðàëîì ñ ïåðåìåííûì âåðõíèì
ïðåäåëîì.
Ïåðåìåííûì ìîæåò áûòü è íèæíèé ïðåäåë

J̃(x) =

∫ b

x
f(t)dt, x ∈ [a, b].

È äàæå îáà ïðåäåëà.
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Ñâîéñòâà

Èçó÷èì îñíîâíûå ñâîéñòâà ÎÈ ñ ïåðåìåííûì ïðåäåëîì. Êðàòêî èõ
ìîæíî îõàðàêòåðèçîâàòü òàê: èíòåãðèðîâàíèå "óëó÷øàåò" ñâîéñòâà
ôóíêöèè.

F (x) =

∫ x

a
f(t) dt

f(x) ∈ <[a,b] ⇒ F (x) ∈ C[a,b]

Theorem

Åñëè ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a, b], òî F íåïðåðûâíà íà
îòðåçêå [a, b].

Äîêàæåì ýòî. Ïîñòðîèì ïðèðàùåíèå ∆F (x)

F (x+ ∆x) =

∫ x+∆x

a
f(t) dt

∆F (x) =

∫ x+∆x

x
f(t) dt
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Èíòåãðèðóåìàÿ ôóíêöèÿ ñ íåîáõîäèìîñòüþ îãðàíè÷åíà

f(x) ∈ <[a,b] ⇒ ∃M > 0 : |f(x)| ≤M ∀x ∈ [a, b]

Îöåíèì ñâåðõó ïðèðàùåíèå ôóíêöèè F

∆F (x)| =
∣∣∣ ∫ x+∆x

x
f(t) dt

∣∣∣ ≤ ∫ x+∆x

x
|f(t)|dt ≤M∆x.

Èñïîëüçîâàíà òåîðåìà îá îöåíêå ÎÈ. Îòñþäà ñëåäóåò lim ∆F (x) = 0.
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2.Î äèôôåðåíöèðóåìîñòè
Åñëè

f(x) ∈ C[a,b],

òî F äèôôåðåíöèðóåìà íà [a, b].

lim
x→x0

∆F

∆x
= lim

x→x0

f(ξ)∆x

∆x
= f(x0) x0 ∈ [a, b], x0 + ∆x ∈ [a, b]
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Ôîðìóëà Íüþòîíà-Ëåéáíèöà

b∫
a

f(x) dx = F (b)− F (a).

x∫
a

f(t) dt = Φ(x); Φ(a) = 0, Φ(b) =

b∫
a

f(x) dx.

F (x) =

x∫
a

f(t) dt+ C.
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